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Abstract

Theory of Principal Components for Applications
in Exploratory Crime Analysis and Clustering
By Daniel Silva
Master of Science in Applied Statistics
Minnesota State University, Mankato
Mankato, Minnesota, 2020

The purpose of this paper is to develop the theory of principal components analysis
succinctly from the fundamentals of matrix algebra and multivariate statistics.
Principal components analysis is sometimes used as a descriptive technique to
explain the variance-covariance or correlation structure of a dataset. However, most
often, it is used as a dimensionality reduction technique to visualize a high
dimensional dataset in a lower dimensional space. Principal components analysis
accomplishes this by using the first few principal components, provided that they
account for a substantial proportion of variation in the original dataset. In the same
way, the first few principal components can be used as inputs into a cluster analysis
in order to combat the curse of dimensionality and optimize the runtime for large
datasets. The application portion of this paper will apply these methods to a US

Crime 2018 dataset extracted from the Uniform Crime Reports on the FBI’s website.
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Chapter 1

Introduction

Principal components analysis (PCA) is multivariate statistical method that seeks to
transform a set of correlated variables X1, X5, ..., X, into a new set of uncorrelated
variables Yy, Y5, ..., Y, that retain the total system variation. These new variables are
called the principal components. Each principal component Yy, Y,, ..., Y, is a distinct
linear combination of the original variables X;, X;, ..., X,, derived in decreasing order
of importance in the sense that Y; accounts for as much of the variation in the
original system amongst all other linear combinations Y5, ..., ¥,,. Then Y; is chosen to
account for as much as possible of the remaining system variation, subject to being
uncorrelated with Y;. Analogously, Y; is chosen to account for as much as possible of
the remaining system variation, subject to being uncorrelated with Y3, Y,, ..., Y;_;.
The general hope of PCA is that the first few components will account for a
substantial proportion of the variation in the original system, X;, X5, ..., X, , and can,
consequently, be used to provide a lower-dimensional summary of these variables
[1, p- 41]. These first few principal components may then replace the original
X1,X2, ..., Xp and can be used for descriptives, graphical interpretations, and even
inputs into another analysis, with minimal loss of information. That is why principal

components analysis is often thought of as a dimensionality reduction technique as



well as an interpretive aid in explained the original variables.
1.1 Theory Structure

In order to get a proper treatment of PCA, one needs a couple preliminaries
including matrix algebra, multivariate population theory, and multivariate sample
theory.

Matrix algebra is the backbone of multivariate statistics. Chapter 2 devotes
itself to covering all essential notations and concepts necessary to understand later
chapters. This includes, but is not limited to, vector/matrix notations, inner-product,
matrix multiplication, independence, square matrices, orthogonal matrices,
eigenvalues and eigenvectors, and matrix maximization of quadratic forms.

Covering matrix algebra before multivariate population theory is critical
because it bridges the gap from one’s knowledge of univariate population theory to
multivariate population theory. Chapter 3, Multivariate Population Theory, covers
population random matrices, random vectors, mean vectors, variance-covariance
and correlations matrices, and the corresponding theory related to linear
combination used directly in the treatment of population PCA. Further, the same
topics, as above, are extended to standardized multivariate populations.

Chapter 4, Multivariate Sample Theory, follows directly from Chapter 3. It is
paramount in understanding how one goes from population principal components

to sample principal components. New concepts of multivariate random samples will



be derived from concepts of matrix algebra, multivariate population theory, and
univariate random samples learned in one’s previous coursework. Then, the sample
equivalents to Chapter 3 will be covered; including those related to standardized
multivariate populations and linear combinations.

Chapter 5 is devoted to the main topic of PCA. Here we will cover population
principal components for unstandardized and standardized continuous random
variables. Similarly, we will cover sample principal components for unstandardized

and standardized multivariate random samples.
1.2 Application Background and Structure

Local law enforcement agency across the United States collect data on violent and
property crimes. Every year, the FBI compiles, publishes, and archives this data in
the Uniform Crime Reports (UCR). The UCR Program's primary objective is to
generate reliable information for use in law enforcement administration, operation,
management, and analytics.

Violent crime definitions according to the FBI are:
¢ Murder and nonnegligent manslaughter: the willful (nonnegligent) killing of

one human being by another.

K/
L X4

Rape: The penetration, no matter how slight, of the vagina or anus with any
body part or object, or oral penetration by a sex organ of another person,

without the consent of the victim.



R/
L X4

Robbery: The taking or attempting to take anything of value from the care,
custody, or control of a person or persons by force or threat of force or
violence and/or by putting the victim in fear.

Aggravated assault: An unlawful attack by one person upon another for the
purpose of inflicting severe or aggravated bodily injury. This type of assault
usually is accompanied by the use of a weapon or by means likely to produce

death or great bodily harm. Simple assaults are excluded.

Property crime definitions according to the FBI are:

R/
L X4

Burglary (breaking or entering): The unlawful entry of a structure to commit
a felony or a theft. Attempted forcible entry is included.

Larceny-theft (except motor vehicle theft): The unlawful taking, carrying,
leading, or riding away of property from the possession or constructive
possession of another. Examples are thefts of bicycles, motor vehicle parts
and accessories, shoplifting, pocket-picking, or the stealing of any property
or article that is not taken by force and violence or by fraud. Attempted
larcenies are included. Embezzlement, confidence games, forgery, check
fraud, etc., are excluded.

Motor vehicle theft: The theft or attempted theft of a motor vehicle. A motor
vehicle is self-propelled and runs on land surface and not on rails.
Motorboats, construction equipment, airplanes, and farming equipment are

specifically excluded from this category [2].



For our application, Chapter 6, we shall use the UCR’s US Crime 2018 data for
metropolitan statistical areas. Where a metropolitan statistical area is defined by a
city with surrounding suburbs that are connected by some economic factors. One
disclaimer is our analysis is not meant to rank local or federal law enforcement
agencies based on the crime rates in their respective regions. Our analysis is only
meant to group metropolitan statistical areas with similar crime profiles and
compare their group averages to each-other and to the national averages. Also, note
that crimes are generally underreported.

The first step in our analysis will be of a univariate nature. We will calculate
descriptives and assess the shape of each of the seven crime distributions. For
example, checking whether the parent distribution is perhaps normal or even
lognormal. In addition, we will look at the tail-ends of the distributions checking for
univariate outliers. The second step is a bivariate distribution analysis. We will
graphically visualize the correlation matrix. In addition, we will look at contour- and
scatter- plots of the pairs of variables. The third step will be a short multivariate
distribution analysis where we will solely test for multivariate normality.

Next, we will standardize the US Crime 2018 data to prepare it for PCA. It is
common practice to do this when the ranges of the variables are largely different.
Once this is done, we can calculate the sample principal components. Topics of

interest are explained variance by sample principal component and contributions of



standardized variables to each sample principal component. Also, one can attempt
to interpret the sample principal component dimensions in the context of the
subject matter--crime. Then, one can look at correlations of standardized variables
with the sample principal components. Finally, one can create scatterplots of the
first few sample principal components and look for clusters of metropolitan
statistical areas or potential multivariate outliers.

After this we will use cluster analysis to attempt to meaningfully group (or
profile) metropolitan statistical areas with similar crime attributes. We will use two
sets of inputs (1) the Standardized Crime 2018 variables and (2) the first three
sample principal components. Three cluster algorithms will be used k-Means,
Ward’s method, and Average method with both sets of inputs. This will leave use
with six cluster assignments to compare and contrast graphically and via their

respective cluster mean vectors.



Chapter 2
Matrix Algebra

2.1 Vectors

Definition 2.1.1 (Vector). An X 1 dimensional array( §1) of n real numbers
n

X1, X2, s Xjy s X (N — tuple) is called avector, and in general, is denoted by a

boldfaced, lowercase letter. It is written as

X =
(nx1) Xj

[ X, ]
(nx1

[3, pp- 49, 82].

A vector ( X1) can be represented geometrically as a directed line in n
nx

dimensions with component x; along the 1th axis, x, along the 2nd axis,..., X; along

the jth axis,..., and x,, along the nth axis [3, p. 50].



Definition 2.1.2 (Vector Transpose). A 1X n dimensional array(lx’ )ofn real
Xn

numbers x,, X3, ..., Xj, ..., Xo, (n — tuple) is called avector transpose. /t is written as

x' = [X1, X2 covs Xjy oev, Xy

(1xn) (1xn)
where the prime denotes the operation of transposing a column : X1) toa row(lx’ )
nx xXn
[3, p- 49].

Definition 2.1.3 (Zero-Vector). ( 01) vector is an X 1 dimensional array of0's. It is
nx

written as

o |

0,1

(nx1

often thought of as the origin inn — space.

Definition 2.1.4 (One Vector). : 11) vector is a n X 1 dimensional array of1's. It is
n

written as




Definition 2.1.5 (Scalar Multiplication). Let ¢ be an arbitrary scalar. Then the

product X Is a vector with jth entry cx;. It is written as

(nx1)
X171 [CX1-
Xy cx,
ooy O x, - C%Cj
x _ca'cn_

[3, pp- 50, 82].

Definition 2.1.6 (Vector Addition). The sum of two vectors X and 'y ,each
(nx1) (nx1)

having the same number of entries, is the vector

(n§1) = (n)x(1) + (n¥1) with jth entry z; = x; +y;

That is,
X171 Y1 X1+ Y17
X Y2 X2+ Y2

Z = X + = + = : =X+
(nx1)  (nx1) (n¥1) Xj Yj Xj +j (nxg

L X -on- LXn + Yn
(nx1) (nx1) (nx1)

[3, pp- 51, 83].

The sum of two vectors emanating from the origin ( 01) is the diagonal of the
nx

parallelogram formed with the two original vectors as adjacent sides [3, p. 51].



10
Definition 2.1.7 (Vector Space). The space of all realn — tuples (vectors), with
scalar multiplication and vector addition, is called a vector space [3, p. 83].
Definition 2.1.8 (Linear Span). The vector

y =a1X1+a2X2+'--+aka+'--+apo
(nx1) (mnx1) (nx1) (nx1) (nx1)

is a linear combination of the vectors X1,Xz, ..., Xy, -, X, In R™ where

Ay, Ay, ..., A, ..., Ay are real. The set of all linear combinations ofXy, Xy, ..., Xy, ..., Xp IS
called theirlinear span, denoted, span(Xy, Xy, ..., Xy, -..,Xp) [3, p. 83], [4, p. 114].
Definition 2.1.9 (Linearly Dependent). 4 set of vectors X, X, ..., Xy, -+, X, Is said to
belinearly dependent if there existp numbers (a,, ay, ..., Ay, ..., Ap), N0t all zero,
such that

a1Xy + X, + o+ X+t apx, = 0
(nx1) (nx1) (nx1) (nx1) (nx1)

[3, p- 83].

If one of the vectors, for example, x, ,is 0 ,the setislinearly dependent
(nx1)  (nx1)

(Let aj be the only nonzero coefficient). Linear dependence implies that at least one
vector in the set can be written as a linear combination of the other vectors. Vectors
of the same dimension that are not linearly dependent are said to be linearly

independent [3, pp. 53, 83].



11
Definition 2.1.10 (Basis). Any set ofn linearly independent vectors is called abasis
for the vector space of alIn — tuples of real numbers [3, p. 84].
Result 2.1.1. Every vector can be expressed as a unique linear combination of a fixed
basis 3, p. 84].

Definition 2.1.11 (Inner Product). Theinner (or dot) product of two VGCZ‘OI'S( xl)
nx

and 'y with the same number of entries is defined as the sum of component

(nx1)
products:
_yl_
Y2
x - = [X1, X, i) Xjy ey X | - ._ =xXV1 + XV, + -+ x;7; + -+ x
(1xn) (nzl) [ v (1><n§ n] 3{] 1 22 jYij nYn
Ly, ]
(nx1)
or
_xl_
X2
"X =YL Y e Vi e Yl :, =y1x; + Yox, + o+ yix + o+ ypx
AR A e AREiRecs Y% Y
[ X, ]
nx1)
[3, pp- 52, 85].
Hence,

! !

= - X .
(1xn) (nzl) (1}>I<n) (nx1)
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Definition 2.1.12 (Length of a Vector). A vector has both direction and length. The

length of a vector X ))51) ofn elements emanating from the origin ( 01) is given by the
n nx

Pythagorean formula:

length of( X

nx1)

= L

(1x1)

’x’ S '¢
(1xn) (nx1)

= [xl,xZ,...,xj,...,xn] . x;
(1xn) 7

\ (nx1)

=\/xf+x§+~-+xj2+--~+x%

3, p. 84].

Multiplication by ¢ does not change the direction of the vector : ))51) ifc > 0.
n

However, a negative value of ¢ creates a vector with a direction opposite that of

x .From L, = |c|Lyitisclearthat x _isexpanded if |c| > 1 and contracted if
(nx1) (nx1)

0 < |c| < 1. Choosing ¢ = L', we obtain the unit vector Ly'x, which has length 1
(nx1)

and lies in the direction of x _[3, p.51].
(nx1)
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Definition 2.1.13 (Angle). Theangle 6 between two VECTOI‘S( X and y inaplane,
(nx1)

both havingn entries, is defined from

! !

X X -

(1xn) (nzl) (1xn) (nZl)
cos(@) = 1 =

xy X' - X y' -y
(Ixn) (MXD),[(Txn) (nx1)
or
y - x y - X
(nx1) (nx1)

cos(0) = ) 7 SLU

LyLy - x' - X Lo
(1xn) (nx1) (1)>’<n) (n¥1)
[3, pp. 52-53, 85].

Definition 2.1.14 (Perpendicular). When the angle between two VE‘CZ'OI‘S( X W y is
(nx1)

0 =90° orf = 270° we saytbat X and y areperpendicular (orthogonal).
(nx1) (nx1)

Since cos(0) = 0 only if6 = 90° orf = 270°, the condition becomes

X and are perpendicular if x' - =vy - x =0
(nx1) (nzl) perp f (1xn) (n%(’l) (1}:(,1) (nx1)

Wewrite x L1 'y [3,pp-53,86].

(nx1) (nx1)
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Result 2.1.2.

(@) wEn S perpendicular to every vector if and only if En = (ngn'

(b) If z__is perpendicular to each vectorXy,Xy, ..., X, ..., X, then 7 Is
(nx1) (nx1)

perpendicular to the span(Xy, Xy, ..., Xk, .., Xp).
(¢) Mutually perpendicular vectors are linearly independent.

[3, p. 86].
2.2 Matrices

Definition 2.2.1 (Matrix). An X p dimensional array( A ) of elements withn rows
nxp

andp columns is called amatrix, and in general, is denoted by a boldfaced,

uppercase letter. It is written as

ai1  dp A1k A1p
az1 Qz2 A2k Azp a;; Qi A1p
_ : : : _[@21 a2 Azp
(nép) A a2 Ajk Ap | :
: : ap1  Qp2 Anp
[Ap1 Apz 0 Qpg 0 Appl ()
(nxp)

j=1.2,..,nk =12, ..,p. Or more compactly as

(nép) = {a;}

where the index j refers to the row and the index k refers to the column.
In our work, the matrix elements will be in R or functions taking on values

in R [3, pp. 54, 87-88].
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Definition 2.2.2 (Matrix Transpose). Ap X n dimensional array( A ) of elements
pXn

withp rows andn columns is called a matrix transpose,

_all a21 cee ajl cee anl_
Az Q2 = Gz - Qg2 a;; Q1 - Apq
A’ _ : : : : _ a.lz a'zz az«lz
(pxn) Qg Az Qg Apg : : :
. . . . alp azp anp
o Qe (pxn)
a1y Ay ajp Anp |
(pxn)

forj=1.2,..,nk=12,..,p.

The transpose operation : A’ ) of a matrix changes the columns into rows, so
pXN

that the first column of A becomes the first row of A’ ,the second column
(nxp) (pxn)

becomes the second row, and so forth [3, p. 55].

Definition 2.2.3 (Matrix Addition). Let the matrices A and B _both be of

(nxp) (nxp)

dimensionn X p with arbitrary elements aj;, andbj,, j = 1,2,..,n,k =12, ...,p,

respectively. The sum of the matrices A and B isann X p matrix C , written
(nxp) (nxp) (nxp)

C = A + B ,suchthatanarbitrary elementof C _isgiven by
(nxp)  (nxp) (nxp) (nxp)

Cjk = ajk + b]k ] = 1,2, e, n k = 1;2; :p

a1 +bi1 A+ by o aip + blp
C = A + _ a21“|'b21 azz‘!'bzz aZp-'_pr —A+B
(nxp)  (nxp) (nxp) : : : (nxp)
any, + bnl nz + bn2 o Opp + bnp
(nxp)

Note that the addition of matrices is defined only for matrices of the same

dimension [3, p. 88].
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Definition 2.2.4 (Scalar Multiplication).

Letc be an arbitrary scalarand A = {a;,}. Then cA = Ac = =
Y iy = () ey T Sy T oy = (b}

Wberebjk = caj, = ajc,j = 1,2, ok =1,2,..,p. Thatis,

Ca11 Ca12 Calp a11C alzc alpC
Ca21 Cazz Cazp a21C azzc azpc
cA = Ac =] . . . . . . | =
(nxp)  (nxp) : : : : (nxp)
Capy CApy - canp AniC  ApaC  *+ ApyC
(nxp) (nxp)

Multiplication of a matrix by a scalar produces a new matrix whose elements
are the elements of the original matrix, each multiplied by the scalar [3, pp. 55, 89].

Definition 2.2.5 (Matrix Multiplication). 7he product A - B _ofann X m matrix

(nxm) (mxp)

A ={aj}andanm X p matrix B = {bj } is then X p matrix
(nxm) (mxp)

C = A - B ={cy} whose elements in the jth row and kth column is the
(nxp)  (nxm) (mxp)

inner product of the jth row of A - and the kth columnof B _or

(mxp)

m
Cik = (] k) element Of A - B = ajlblk + ajzbZk + -+ ajmbmk = E l ajlblk
=1

(nxm) (mxp)

forj=12,..,n,k=12,..,p[3, pp- 55-56, 90].
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More generally, the matrix product is given by

A - B
(nxm) (mxp)

rd11 Q12 0 Qim
dz1 Q2 -+ Qam bi1  byp by by
_ ' : : by1 by by by
Tl %Gz ot Gjm : : : :
: : : lbml bmz bmk bmpJ
_an1 anz anm_ (mxp)
(nxm)
[ Column 1 Column 2 -+ Column k -+ Column p ]

m m m m
row 1 Z aq by z ayb; - Z ayby z allblp
1=1 =1 =1 =1

m m m m
row 2 Z azbyy Z ayb; - z az by, - z aZIblp
1=1 1=1 1=1 1=1

: . . . .
row j Z a; by Z ajb; - Z ajby - z a;ji by,
1=1 1=1 1=1 1=1
: . o . .
rown Z anibyy Z Aniby - Z Anibye -+ Z anlblp
L 1=1 1=1 1=1 1=1 .

(nxp)
_C11 C12 cee Clk e Clp_
C21 Cpp 0 Cpp 0 Cyp
Gi Gz 7 G o Gp | (nxp)
1Ch1 Cn2 " Cnk " Cppl
(nxp)

Note that for the product A - B _to be defined, the column dimension of

(nxm) (mxp)

A _must equal the row dimension of B _.Ifthatis so, then the row dimension of
(nxm) (mxp)

A - B _equalstherow dimension of A  and the column dimension of A
(nxm) (mxp) (nxm) nxm)

B _equals the column dimension of B _[3, pp. 55-56, 90].
(mxp) (mxp)
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Result 2.2.1. For all matrices A, B, and C (of equal dimension) and scalars c andd,
the following holds:
(@A-B=A+(-1)B
(b)(A+B)+C=A+(B+0)
(c0A+B=B+A
(d)c(A+B)=cA+cB
(e) (c+d)A=cA+dA
HA+B)=A"+B
(8) (cd)A = c(dA)
(h) (cA) = cA’ (Notec' =)
[3, p- 89].
Result 2.2.2. For all matrices A, B, and C (of dimensions such that the indicated
products are defined) and a scalarc,
(a) c(AB) = (cA)B
(b) A(BC) = (AB)C
(c)A(B+C)=AB+AC
(d)(B+CA=BA+CA
(e) (AB)' = B'A’

[3, p. 91].
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Definition 2.2.6 (Zero Matrix). ( 0 ) matrix is a rectangular array of0's, of arbitrary
nxp

dimensionn X p. It is written as

017 012 -+ Oy 00 - 0

_ 021 0Oz2 =+ 0y _ o 0 - 0
(nxp) : : : R
0 0 e 0 00 - 0

Note that the notation for the ( 01) vector is similar; but the dimension makes
DX

the context clear.

Definition 2.2.7 (Square Matrix). /fan arbitrarymatrix( é ) has the same number of
237

rows and columns, say dimensionp X p, then ( A ) is called a square matrix. /t is
PXp

written as
ai; Q2 - Qp
A1 Q2 -+ Qyzp
A =1 s [ = Hand
(rxp) : : :
Ap1 Apz " App
(pxp)

fori =1,2,..,p rowsandk = 1,2, ...,p columns 3, p. 90].

Definition 2.2.8 (Symmetrix Matrix). Let( A ) = {a;} beap X p (square) matrix.
pXp

Then A _issaidto beasymmetricmatrix if A = A’ . Thatis,

, A s symmetric
(rxp) (pxp)  (pxp) (pxp)

ifag. =auvVi=12,..,p,k=12,..,p[3, p-90].
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Definition 2.2.9 (Determinant). 7he determinant of a squarep X p matriX( A v
pXp

denoted by |A|, is the scalar

p
A=) awlAulD™ifp > 1

where Ay is the (p — 1) X (p — 1) matrix obtained by deleting the first row and kth

column of A . Also,
(pxp)

p .
1= aylAwl (D ifp>1
=1

with the ith row in place of the first row [3, p. 93].

Definition 2.2.10 (Identity Matrix). Thep X p identity matrix, denoted by( | ; is the
pXp

square matrix with ones on the main (NW — SE) diagonal and zeros elsewhere. It is

written as
I, 0 0 10 0
[ = 0 1y 0 _|0 1 0
(rxp) : : P :
0 0 1,y 00 - 1
(pxp) (pxp)
[3, p- 90].
The matrix( I ) acts like 1 in ordinary multiplication (1-a=a-1 = a)
pXxp
I - A = A -1 = A forany A
(pxp) (pxp)  (pxp) (Pxp)  (pxp) (pxp)

so it is called the identity matrix [3, p. 58].
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Remark 2.2.1. There are several important differences between the algebra of
matrices and the algebra of real numbers. Two of these differences are as follows:
1. Matrix multiplication is, in general, not commutative. That is, in general,
(pép) ' (pgp) ” (plgp) ' (pép)
2. Let (ngp) denote the zero matrix, that is, the matrix with zero for every
element. In the algebra of real numbers, if the product of two numbers, ab, is

zero, then a = 0 or b = 0. In matrix algebra, however, the product of two

nonzero matrices may be the zero matrix. Hence,

(nxm) . (mxp) - (nxp)

doesnotimplythat A = 0 or B = 0 .ltistrue, however, thatif
(nxm) (nxm) (mxp) (mXxp)

either

or = 0 ,then A - B = 0
(nxm)  (nxm) (mxp) (mxp) (mxm) (mxp)  (nxp)

[3, pp- 58, 92].
Definition 2.2.11 (Row Rank and Column Rank). 7herow rank of a matrix is the
maximum number of linearly independent rows, considered as vectors. The column
rank of a matrix is the rank of its set of columns, considered as vectors [3, p. 94].

Result 2.2.3 (Rank of a Matrix). The row rank and the column rank of a matrix are

equal. Thus, therank of a matrix is either the row rank or the column rank 3, p. 94].
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Definition 2.2.12 (Nonsingular). 4 square matn’x( A ) isnonsingular if
pXPp

A - x =0
(pxp) (Px1)  (px1)
implies

x = 0.
(px1)  (px1)
If a matrix fails to be nonsingular, it is called singular. Equivalently, a square matrix
is nonsingular if its rank is equal to the number of rows (or columns) it has.

Notethat A - X = xja; +xa; + -+ xa, + -+ + xpa,, where xa, is
(pxp) (PX1)  (px1) (px1) (px1) (px1) (px1)

the kth column of ( A ; so that the condition of nonsingularity is just the statement
PXp

that the columns of( é ) are linearly independent [3, p. 95].
pXxp

Definition 2.2.13 (Inverse). Let( A ) be a nonsingular square matrix of dimension
pXxp

p X p. Then there is a uniquep X p matriX( B ) such that
pXp

A -B = B - A =1
(pxp) (pxp) (pxp) (PXp) (PXD)

where 1 _isthep X p identity matrix. Then B _is called theinverse of A and
(»xp) (pxp) (pxp)

is denoted by A™* [3, p. 95].
(pxp)
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Result 2.2.4. For a square matrix A ofdimensionp X p, the following are

(pxp)
equivalent:
@ A - x = 0 implies x = 0 (A isnonsingular).
(pxp) (x1)  (px1) (px1)  (px1) \(pxp)

(b) |A| # 0 where (]| - | denotes the determinant operator).

(¢) There exists amatrix A"t suchthat A - A1 =A1.- A = 1 .
(pxp) (xp) (@xp) (Xp) (@Xp) (PXP)

[3, p. 96].

Result 2.2.5. Let A and B bep X p square matrices, and let the indicated
(pxp) (pxp)

inverses exist. Then the following hold:

(@ ((A‘l)’ =AY

PXD) (pxp)

b) (AB)"!= B1. A!
( )prpg (pxp) (pxp)

[3, p- 96].

Definition 2.2.14 (Trace). Let( A ) = {a;x} be ap X p square matrix. Thetrace of the
PXp

matn’x( A v writtentr(A) is the sum of the diagonal elements; that is,
pPXP

P
tr(A) = Z i
l:

[3, p- 96].
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Result 2.2.6. Let( A ) and : 13 bep X p square matrices, (B ) exist, andc be a
pXp p

scalar.

(a) tr(cA) = ctr(A)
(b) tr(AB) = tr(BA)
(c¢) tr(B™*AB) = tr(A)
[3, p. 97].

Definition 2.2.15 (Orthogonal). 4 square matriX( }x\ ) is said to be orthogonal if its
pxp

]

forr = 1,2, ..., p, considered as vectors, are mutually perpendicular,

rows

a, - a;g =0forr=+s
(1xp) (px1)

and have unit lengths

a, - a =1
(1xp) (px1)

that is,

!

A - = 1,
(»xp) (pxp) (pXxp)

s

fori = 1,2, ...,p, considered as vectors, are mutually perpendicular,

and its columns
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a; - ap =0fori+k
(1xp) (px1)

and have unit lengths

a; - a =1
(1xp) (px1)

that is,

!

A - A =1
(rxp) (@xp) (pxp)
[3, pp. 59, 97].

Result 2.2.7. A square matrix A _is orthogonal ifand only if A = A’ . Foran
(®*p) (rxp)  (PXP)

! !

orthogonal matrix,. A - A’ = A’ - A = 1 ,so therowsand columns are
(pxp) (pxp) (pxp) (©xp) (PXDp)

also mutually perpendicular 3, pp. 59, 97].
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Definition 2.2.16 (Eigenvalues). Let( A ) be ap X p square matrix and 1 ) be the
pXp X

(pxp

p X p identity matrix. Then the scalars A4, A3, ..., A, satisfying the polynomial
equation |A — Al| = 0 are called the eigenvalues (or characteristic roots) of a matrix

( é )y The equation |A — Al| = 0 (as a function of 1) is called the characteristic
pXxp

equation [3, p. 97].

Definition 2.2.17 (Eigenvector). Let( A ) be a square matrix of dimensionp X p and
PXp

let A be an ejgenvalue of A .If X Isanonzero V6’CZ‘01‘< x +# 0 )5uc17 that
(pxp)  (px1) (px1)  (px1)

A - x =1-x
(pxp) (x1)  (px1)
then X ))51) is said to be an eigenvector (characteristic vector) of the matriX( é )
P pXp
associated with the eigenvalue 1 [3, p. 98].

An equivalent condition for A to be a solution of the eigenvalue-eigenvector

equation is |A — AI| = 0. This follows because the statementthat A - x = AXx
(pxp) (px1)  (px1)

forsomeAand x # O impliesthat
(px1)  (px1)

0 =(A—AD- x =x;-coly(A—AI) + -+ x, - col,(A — AI)
(px1) (pxp)  (@x1D) (px1) (px1)

That is, the columns of (A — AI) are linearly dependent so, by Result 2.2.4. (b),
(pxp)

|A — AI| = 0, as asserted [3, p. 98].
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Ordinarily, we normalize : xl) so that it has length unity. It is convenient to
pX

denote normalized eigenvectors by

e =1
(x1) X (px1) Ly < - x
(1x1) (Ixn) (nx1)

and we do so in what follows [3, pp. 60, 99].

X X
-1 X :(pxl) _ (px1)

Definition 2.2.18 (Eigenvalue-Eigenvector Pairs). Let( }x\ ) be ap X p square
PXp

symmetric matrix. T}zen( A ) hasp eigenvalue-eigenvector pairs-namely,
pXp

(/11, e, ),(/12, e, ></11 e; ),...,(Ap, e, )
(px1) (px1) (px1) (px1)

Let the normalized eigenvectors be the columns of another matrix

€11 €12 €1p
€1 €22 €2p
E = . :
(pxp) : :
€p1 €p2 " Epp
(rxp)

where the columns ofthe( E ) are mutually perpendicular
PXp

e, - e, =0fori+#k
(1xp) (px1)

and have unit lengths

e, - e =1
(1xp) (px1)

that s,

4

. e I
(rxp) (xp) (pxp)



And the rows of( E ) are mutually perpendicular
PXp

e, - e =0forr+s
(1xp) (px1)

and have unit lengths

e, - e =1
(1xp) (px1)

that is,

!

E - E =1
(»xp) (pxp) (pxp)

Thus, E _is orthogonal making
(pxp)

r ’

E - = . = 1
(oxp) (xp) (pxp) ((@xp) (pxp)
and

El = FE
(rxp)  (pxp)

Let us demonstrate,

!

E .
(pxp) (pxp)

€11 €12 " Ce1p] [€11 €21 T ey
_|€21 €22t €yp €12 €22 0 €po
€p1  €p2 €ppl L€1p €2p €pp
(pxp) (pxp)
eje; =1 eje;=0 - eje,=0
! ! !
e;e; =0 ee, =1 -+ eje,=0 :
=1 22 ) 2=P , {rows perpendicular}
! = ! = cee ! —
e,e; =0 e,e; =0 e,e, =1

(rxp)
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1, O 0
10 1, 0
o o - 1
(pxp)
(1 0 0
_|0 1 0
0O 0 - 1
(pxp
= 1
(pxp)
and
(po).(po)
811 321 epl ell 612 elp
_ |12 €2 epz‘ Iez1 €22 €2p
ey ez eppllep1 €p2  €pp
(pxp) (pxp)
e =1 €fe; =0 - eje, =0
! — ! — ! =
_ ezel‘—O ezez- 1 ezep: 0 , {columns perpendicular}
le,e; =0 eye, =0 - epe, =1
(rxp)
1, O 0
|0 1, 0
0 O * 1p
(pxp)
(1 0 0
_|0 1 0
0o 0 - 1
(rxp)
= 1

(rxp)
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Note that the eigenvectors are unique unless two or more eigenvalues are

equal. Clearly, e; , e, ,.., e; , .., e, are the (normalized) solutions of the
(px1) (px1) (px1) (px1)

equations A - e; =1;-e;fori=12,..,p[3, pp-60-61, 65].
®xP) (px1)  (px1)

Definition 2.2.19 (Quadratic Form). A quadratic form Q (x) in thep variables
(1x1)

!

X1, X0, 0, Xy ISQ(X) = X' - - X ,where X' =]x{,%5, ..,X,] and A isa
v Xp SO = Koy o ¥ & = G pland )

p X p symmetric matrix.

Note that a quadratic form can be written as

p p
Qx) = Z z Qi Xi Xy
(1x1) i=1Lmdf=1

Because x’ has only squared terms x? and product terms x;xy, it is

- A - X
(Ixp) (pxp) (pPx1)
called a quadratic form [3, pp. 62, 99].

If3 x # 0 andap Xpsymmetric matrix A where
(x1)  (px1) (pxp)

!

0O = x - A - Xx
(1x1) (Axp) (pxp) (PX1)

then the matrix ( A ) and the quadratic form are said to be positive semi-definite. If
pXp

0 < x - A - x
(1x1)  (Axp) (pxp) (pPX1)

X # 0 thenthep X p symmetric matrix A and the quadratic form are
(px1)  (px1) (pxp)

said to be positive definite [3, p. 62].
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In addition, when : A ) is positive definite the quadratic form can be
pXp

interpreted as a squared distance [3, p. 64]. If the quadratic form and the matrix

X A ) are positive semi-definite or positive definite they are said to be nonnegative
PXp

definite [3, p. 62].

Results involving quadratic forms and symmetric matrices are, in many
cases, a direct consequence of an expansion for symmetric matrices known as the
spectral decomposition. That is, any symmetric square matrix can be reconstructed
from its eigenvalues and eigenvectors. The particular expression reveals the relative
importance of each pair according to the relative size of the eigenvalue and the
direction of the eigenvector [3, pp. 61, 99].

Result 2.2.8 (Spectral Decomposition). 7he Spectral Decomposition. Let( }X\ ) be a
pXp

p X p symmetric matrix. Ti ben( A ) can be expressed in terms of its p eigenvalue-
PXp

eigenvector pairs </1i, e; > as
(px1)

p
= - e - e :/11.‘_31.e€L +-4+ 1, - e - e
(®xP) Zi=1 Y XD (1xp) (px1) (1xp) P %) (np)
where A, Ay, ..., Ay are the eigenvaluesof A and e, , e, ,.., e, arethe

(rxp) (px1) (px1) (px1)

associated normalized eigenvectors |3, pp. 61, 100].
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Using the spectral decomposition, we can easily show that a p X p symmetric

matrix A _is a positive definite matrix if and only if every eigenvalue of A is
(pxp) (pxp)

positive [4; > 0V i]. Similarly, ( A ) is a positive semi-definite matrix if and only if
pXp

3 A; = 0 and the other eigenvalues are positive [5, pp. 212, 549].

The spectral decomposition allows us to express the inverse of a square
matrix in terms of its eigenvalues and eigenvectors, and this leads to a useful
square-root matrix.

Let ( A ) be a p X p positive definite matrix with the spectral decomposition
pXp

P
A = Z /1i - € e; .
(P>p) =1 (px1) (1xp)
Let ( l)i(l )be ap X p orthogonal matrix with columns equal to the normalized
pxp

eigenvectorsof A ,
(pxp)

€11 €12 €1p
€21 €22 €2p
E =]. :
(rxp) :
€p1 €p2 " Epp
(pxp)

letand A Dbe the the diagonal matrix of eigenvalues of( A,

(pxp) pPXDp)
A 0 - 0
B 0 A, -« 0
pxp) | PP /1
° (szp) P

with inverse,
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— 0 0
A
0 ! 0
Al = — ..
(pxP) A:Z
0 O !
i Ap
(pxp)

Then

A=Z/1i-ei~e§=E-A-E’
(pxp) i=1 (px1) (1xp) (@%p) (@Xp) (PXp)

With inverse

p

1 ) ,

E — = E -A" - E
(pxp) Ai (pxl) (1xp) ~@xp) (oxp) (XD)

since,

-1,
(pxp) (pxp)

=[E AT E’”E - A E’]
(oxp) (xp) (@xp)l Lxp) @xp) (Pxp)

= : ‘1-[ ' ] A - ,{Result 2.2.2 (b)}
(pxp) (pxp) Lxp) @xp)l (©EXxDp) (p><p)

= E -A'- 1 A - E' {Eisorthogonal, E™! = E'}
(po) (rxp) (p><p) (rxp) (pxp)

. _1 . . ’
(pxp) (pxp) (Pxp) (Pxp)

E | ,{A"tis inverse of A}
(p><p) (pxp) (pxzo)

!

= E - E
(pxp) (pxp)

= 1 ,{Eisorthogonal, E"1 = E'}
(pxp)
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and

. A-1
(pxp) (pxp)

=[E - A E’HE AL ’]
(oxp) (xp) (xp)lLxp) @xp) (Pxp)

E - A -[E’ . E]-A‘l- ,{Result 2.2.2 (b)}
(pxp) (pxp) Lxp) (@xp)]l @Exp) (Pxp)

E A - A™t - E’' ,{Eis orthogonal, E™! = E'}
(pxp) (pxp) (xp) (Dxp) (pxp)

= E - A -A1. FE
(pxp) (pxp) (pxp) (pxp)

E I ,{A"1is inverse of A}
(pxp) (pxp) (pxp)

!

E .
(oxp) (pxp)

= ,{Eis orthogonal,E"' = E'} m
(rxp)

[3, pp- 65-66].

Definition 2.2.20 (Square-Root Matrix). Let{\l/ 2 denote the diagonal matrix with
pxp)

\//'l_i as theith diagonal element. Then the square-root matrix, of a positive definite

matrix A _isgiven by
(pxp)

A2 = Z A e - E /2. g
(pxp) = p><1) (1xp) (p><p) (p><p) (pxp)

[3, p- 66].
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Result 2.2.9. The square-root matrix (Ai/ 2) has the following properties:
pXp

(a) ({&3%) = 341/2 (that is, AY/? is symmetric)
pXp px

(b) A Al/2 . AL/2 — A,{[E CAYZ . E’”E AY2 LR
(rxp) "L( (

(rxp) (pxp) pxp) (pxp) (pxp)l Lpxp) (xp) (pxp)
1/2) p _1 I A-1/2 . @ -1/2
C = e; E ‘A E' , where A isa
© ((pxp) = 2i- N (px1) (xp)  @XP) (@xp)  (@Xp) (pxp)

diagonal matrix with 1/ \/A_l as theith diagonal element.

(d) AV2 . A"V/2 = A~1/2. AV/2 = (inverse), and A="/% - A=Y/2 = A~'  where
(pxp)  (pxp) (pxp)  (pxp) (pxzo (pxp) (xp)  (pxp)

A—1/2 — (Al/Z)_1'
(rxp) (rxp)

[3, p. 66].
Theorem 2.2.1 (Maximization of Quadratic Forms for Points on the Unit Sphere).

Let( B ) be a positive definite matrix with eigenvalues Ay > A, > -+ > A, > 0 and
pXp

associated normalized eigenvectors e, , €, ,.., €, . Then
(px1) (px1) (px1)

4

X' - - X
max (1xp) (pxp) (p><1)=11 <attained when X = e1>
(px1)

0 ro. 1
GDT@  (1xp) a1 (px1)
X oo wXn
. x X .
min P - p P = Ap <attalned When( X~ p )

* . %
@X1D)” (px1) (1)>(<p) (p)>§1) p (px1)
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Moreover,

&) oo X

X X X

max . 7 P = Y
X 1l e , e . e X -

PX1) (px1) (px1)  (px1) (1xp) (px1)

(attained when x =-er,1,k=12,...,p—1)
(px1) (px1)

where the symbol 1 is read “is perpendicular to.”

Proof: Let : E ) be the orthogonal matrix whose columns are the eigenvectors
pXxp

€ , € ,.., e, and A be the diagonal matrix with eigenvalues 44,44, ..., 4,
®x1D) (px1)  (px1)  P*P)

along the main diagonal. Let BY/2 = E - AY2. E’ (square-root matrix)
(xp)  (pxp) (pXp) (PXP)

!

and y = © X .
(px1) (@xp) (px1)

Consequently,(§ # 0 implies y # 0 because E' isan
P

1) (px1) (px1)  (@xD (pxp)
orthogonal matrix and hence has inverse E { E' = E! } Thus,
(»xp) ((pxp)  (pxp)
x = E - y .But x isanonzerovector,and 0 # x = E -y
(®x1)  (@xpP) (px1) (px1) (x1)  (@x1)  ®XpP) (px1)

impliesthat y # 0 .
(px1) (@x1



Thus,

x - B - x
(1xp) (pxp) (px1)

x' - X
(1xp) (px1)

_ (1xp)

x' - [Bl/Z . B1/2 .

!

- X
(1xp) (px1)

X
(pxp) (pxzo)] (px1) {31/2 .B1/2 =

"(oxp) (pxp)  (pxp)’

Xf.[ . AL2 IHE.l/z r].x
_(1><p) (pxp) (pxp) (Exp)lLxp) @xp) (Pxp) (px1)

’ )

X X
(1xp) (px1)

B ,Result2.2.9.(b)

}
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{Bl/z = E _-AY?2. E' ,Result2.2.9. (b)}
(pxp)  (pxp) (pxp) (pxDp)

X [ AL/2 [ E ] /2. g ]
_ (1xp) Lpxp) (pxp) (p;,p) (p;p) (pxp) (pxp) (p><1) {ResultZ 2 2 (b)}
(1xp) (px1)

XI . [ E . A1/2 . A1/2 . EI ] X
_ (xp) Llxp) (xp) xp) @xp)] mx1) { E isorthogonal, E-! = E’ }
x' - "((pxp)

o (pxp)  (pxp)

[X' . H 1/2 .
(1xp) (pxp)l L(pxp)

X
(px1)

1/2][ o X ]
(pxp)l L(pxp) (px1)

!

(1xp)

[X, . H 1/2 | 5
(1xp) (pxp)l L(pXp)

" ,{Result 2.2.2.(b)}
(px1)

Bl ol
(pxp) (p><p) (px1)

!

x - E -
(1xp) (pxp)

!

E X
(p><p) (px1)

{E is orthogonal, E'* = E', E - E' = 1 }
(pxp) (pxp)  (pxp) (pxp) (pxp)  (pxp)



I [ e e | A
(1xp) (pxp)l Lpxp) ((@xp)lLpxp) (Px1)

!

[x’- E”E’-x]
(1xp) (exp)l Llpxp) (Px1)

’ [Al/Z . A1/2
_ (xp)

!

y .
(1xp) (px1)

(pxp) (PXP)] (p¥1) { _
"X

!

= - X
(pxp) (px1)

A, 0 - 0
;o o
axp) |5 P ] gk
0 0 e Ap
(pXDp)

!

(1xp) (px1)

y - A -y
_ (ixp) @xp)  (px1)

(1xp) (px1)

A, 0

0 1
[ylryZ""ryp] B :2
(1xp)

(pxp)

0 V1
0 |2

Yp
(px1)

V1

y
[3’1')’2'---,)’p] : 32
(1xp) Y

(rx1)

My1

Ay

[}’1,}/2,---,}’;;] ) 2: 2
(1xp) ’

ApYp

(px1)

b y?

,{Result 2.2.2. (b)}

,Result 2.2.2. (e)}
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p 2
iz1 AiYi

=P .2
Zi=1yi
P 2
i=1)’i
i=17i
:Al
Setting,
€11
_|€21
= e =|:
(px1) (px1) :
€p1
(px1)
gives
y
(px1)
= ro. e
®xp)  (px1)
€11 €21 " €p1]f€i1
_ |62 €22t €pzaffenq
€ip ©2p €ppl L€p1
(px1)
(pxp)
I
eie;
!
_ | €281
!
€€

(rx1)



0
= I ﬂ , {orthogonality of eigenvectors}

(px1)
1
_ 0
0
(px1)
That is,
1, k=1
eye; = 0 k=0

For this choice of x W ,we have y I ‘

(px (px1)
(px1)
y - A -y
_ Gxp) @XP) px1)
(1xp) (px1)
A 0 0
10,02, 01 1 70 l \
1X
p 0 0 - A,
— (pxp) (p><1)
1,
0
[11,04, ..., 0,] - I 12‘
(1xp) ’
Op
(px1)

O
[11,05 .., 0,] - | 7
(1><p)

(pxl) 1
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A similar argument produces the second part.

Now,

x = E - =y € +y,r e +-+y,- e,,
(px1)  (pxp) (le) " (pxll) Y2 (p><21) 7 (pxpl)

so x 1 e , e,,.. e, implies
x1)  (px1) (px1)  (px1)

0= e - X =y,- e - e +-—+y,- e - e, =y, i<k
(1) ®XD 7T (1xp) (pxD) Plasm) oxn

Therefore, for X ))51) perpendicular to the first k eigenvectors e; , the left-hand side
p

(px1)
of the inequality in becomes
x - B - x p
(1xp) (oxp) (X1 _ Limkrr AiVi
ro. T y0p 2
(xp) X1 Lizkr Vi
Taking yi41 = 1, Y42 = --* = ¥ = 0 gives the asserted maximum. m
Forafixed x, # 0 |,
(px1)  (@x1)
X - B - x
axp) PP px1)
Xo * Xo

(1xp) (px1)

has the same value as

!

x - B - x,
(1xp) (pxp) (px1)

where
X X
x = (1xp) _ (xp)
(1><19) X’ . XO on

(1xp) (px1)  (AxD
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is of unit length. Consequently,

!

x - B - x
(Wxp) @xp) XD _ <
- 141

max 7

. " " attained when x = e, )
¢ .
@D 0D (xp) (px1) (1)

(px1)

says that the largest eigenvalue, 44, is the maximum value of the quadratic form

x - B - x
(1xp) (pxp) (px1)
for all points : X ) whose distance from the origin is unity. Similarly, 4, is the

pX1

smallest value of the quadratic form for all points X X1) one unit from the origin. The
pX

largest and smallest eigenvalues thus represent extreme values of

!

x - B - x
(1xp) (pxp) (px1)
for points on the unit sphere. The "intermediate" eigenvalues of the p X p positive

definite matrix B _also have an interpretation as extreme values when x _is
(pxp) (px1)

further restricted to be perpendicular to the earlier choices [3, pp. 80-81].
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Chapter 3
Multivariate Population Theory

3.1 Population Random Matrix

Definition 3.1.1 (Population Random Matrix X). 4 population random matrix : )5 )
nxp

for continuous variables is a matrix whose elements are population continuous

random variables. Specifically, let( ))5 ) = {Xi;} be ann X p population random
nxp

matrix
X1 X2 X1j X1p
Xo1 Xpz o Xpj o Xy [X11 X2 X1p]
X = : : : o Xo1 Xaz 0 Xyp
mxp) | Xin Xz o Xy Xy : oo
: : : : Xn1 Xnz an
_an XnZ an an_ ()
(nxp)

fori=1,2,..,nrowsandj = 1,2, ...,p columns 3, p. 66].
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3.2 Population Random Vector, Mean Vector, Variance-
Covariance Matrix, and Correlation Matrix

3.2.1 Population Random Vector

Definition 3.2.1 (Population Random Vector X). 4 population random vector ( ))51)
P

for continuous random variables is a vector whose elements are population
continuous random variables from ap — variate population. Specifically, let

( ))51) = {X;} be ap X 1 population random vector
P

X1
X
X =|"2
(px1)

Xp

(rx1)

[3, p- 68].
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3.2.2 Probability Density Functions

Definition 3.2.2 (Joint Probability Density Function). The collective behavior of the p

continuous random variables X1, X,, ..., X, or, equivalently, the population random

VECl'OI‘( )X(l), is described by ajoint probability density function (pdf)
P

f((pisl)) = f12...p(xl,x2, ...,xp)

[3, p. 68] wherex; € R,i = 1,2, ..., p. Satistying constraints,

@) fizp(x1,%2, .., %) =0

(b) f f f f12mp(xlix2' ...,xp)dxldxz ...dxp =1

Definition 3.2.3 (Univariate Marginal Probability Density Function). Each element of

( X1) is a population random variable with its ownunivariate marginal pdf defined as
pX

f:(x;). Specifically,

£i(x) = f f f f12...p(x1,x2,...,xp)dxldxz--~dxi_1dxi+1--~dxp
0

otherwise

[3, p- 68] forx; € R,i = 1,2, ..., p. Satisfying constraints,

(@) fi(x)) 2 0

(b) f fixpdx, = 1
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Definition 3.2.4 (Bivariate Marginal Probability Density Function). Each pair of

elements of : X1) is a bivariate population random vector (X;, X;.) with abivariate
pX

(joint) marginal pdf defined as ;) (x;, x;.). Specifically,

fire (X1, i)

_ f f f f12...p(x1,x2,...,xp)dxldxz---dxi_ldxiﬂ---dxk_ldxkﬂ---dxp

0 otherwise

[3, p. 68] for (x;,x;) € R,i,k =1,2,...,p,1 # k. Satisfying constraints,

@) fie(xix) =2 0

(b) f_‘: .’;O:o]cik(xi'xk)dxidxk =1

3.2.3 Population Parameters

Definition 3.2.5 (Univariate Marginal Population Mean). 7/e univariate marginal
population means y; are defined as p; = E (X;) with pdff;(x;). Specifically, if they

exist (finite)

o= E(X) = j X f, ()dx,

fori =1,2,...,p where—oo < p; < oo [3, p. 68].
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Definition 3.2.6 (Univariate Marginal Population Variance). 7/he univariate marginal
population variances o;; are defined aso; = var(X;) = E(X; — w;)? with pdff;(x;).
Specifically, if they exist

oy = var(Xy) = E(X; — u)* = fo:o(xi — 1)*fi(x)dx;

fori =1,2,..,p where( < g;; < . The univariate marginal population standard
deviation is the square-root of the variance \/a—ii [3, p. 68].
Definition 3.2.7 (Bivariate Marginal Population Covariance). 7/hebivariate marginal
population covariances o;;, are defined as g, = cov(X;, Xy) = E(X; — p) (X — Ux)
with pdffi, (x;, xi). Specifically, if they exist

oy = cov(X;, X)) = E(X; — ) (Xy — 1g)
- j ] (= 1) G — ) fe e )i

fori,k =1,2,...,p where —o < 0y, < o [3, p. 68].
Note that g;;, = 0y; and when i = k the bivariate marginal population
covariance becomes the univariate marginal population variance g;;.

Definition 3.2.8 (Bivariate Marginal Population Correlation). 7Ae bivariate marginal

Oik

Voiifokk

population correlations p;;, are defined as p;;, = corr(X;, X;) = .Specifically,

if they exist

Oik

\/U_ﬁ\/ Okk

pir = corr(X;, X;) =
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_ EX; — 1) (X — i)
VEX; — w)*VE (X — )2

f f o (Xi — Wi ) (e — ) fire (i xp ) dx dxye

\/fjooo(xi — u)*fi(x)dx; \/fjooo(xk — ) fie (e ) dx

fori,k =1,2,...,p where—1 < py, <1[3,p.71].

Note that p;; = px; and when i = k the bivariate marginal population

Oij _&= 1
Joifoi o '

correlation becomes p;; =

3.2.4 Independent Random Variables

Definition 3.2.9 (Statistically Independent). If the bivariate marginal pdf f;; (x;, x;)
for continuous random variables (X;, X},), can be written as the product of the
corresponding univariate marginal pdf’s f;(x;), fi.(xi) so that
fire(xi, x1) = fi(x) fre (i)

then X; and X, are said to be statistically independent.

Furthermore, if, (X;, X} ) are statistical independent, then g;;, = 0 and p;, = 0
[3, pp- 69, 71].
Definition 3.2.10 (Mutually Statistically Independent). Thep population continuous
random variables (X1, X, ..., Xp) are mutually statistically independent i/ their joint
pdf can be factored as a product of their univariate marginal pdf’s

fiz-p (X1: L TERY xp) = f1(x)f2(x2) - fp(xp)

[3, p- 69].
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In addition, if, (X3, X3, ..., X;,) are mutually statistically independent, then every

subset of continuous population random variables > 2 are also mutually statistically

independent.
3.2.5 Population Mean Vector

Definition 3.2.11 (Population Mean Vector for X). 7/he population mean vector for

( X1) or expected value of a population random vector is a random vector consisting
pX

of the univariate marginal expectations of each of its elements. Then, if these

expectations exist, the population mean vector for X , denoted by px = E(X), is
(rx1) (px1)  (px1)

thep X 1 vector

E(Xy) H1

E(X Uz
e =E0 = |42 = %
(rx1)  (px1) :

E(Xp) 'up

(px1) (px1)

where —oo < y; < oo, fori = 1,2,...,p [3, p- 69].
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3.2.6 Population Variance-Covariance Matrix

Theorem 3.2.1 (Population Variance-Covariance Matrix for X). 7he population

variance-covariance matrix for X X1) Is a symmetric matrix containing thep
pX

univariate marginal population variances o;; and thep(p — 1)/2 distinct bivariate
marginal population covariances oy, (i < k). Then, if these variances and

covariances exist, thep X p population variance-covariance matrix for( X b is given
pX

by

Yx =Cov(X) =EX—pux)(X— uy)’
(rxp) (pxp) (px1) (1xp)

where uyxy = E(X) is the population mean vector.
(px1)  (px1)

Proof Use linearity of the operator E, Definition 2.1.2, 2.1.11, 2.2.5, 3.2.6., and 3.2.7.

XX
(pxp)
= Cov(X)
(pxp)

=EX—pux)(X— px)’

(px1) (1xp)

X1—

Xo—u
=E ? : ? '[Xl_.ULXz_llz»---,Xp—Hp]

(1xp)
Xp— Wp
(px1)
X, - H1)2 X1 —u)Xp—p) - (X — #1)(Xp - ,Up)

=E (X2 = 12) (X1 = 1) (X2 — 12)? (X = ) (Xp — 1p)

Xp —up) (X1 — 1) (Xp —pp) (X2 = piz) - (X, — up)z

(rxp)
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X - ﬂl)z X —pu)Xp— ) - (X — .U1)(Xp - llp)
—F (X2 = 12) (X1 — 1) (X3 — 12)? (X = ) (Xp — Hp)
Ky = i) X — 1) (X — upi((Xz S 0 — 1p)?
pXp
E(X; — my)? EXy —u)Xo —p2) - EXy— H1)(Xp - .Up)
— E(X; — p2) (X1 — 1) E(X; — ﬂz)z o E(Xp - .Uz)(Xp - .Up)
E(X, — 1) (X — 1) E(Kp — up'gofz) ) - EGG-m)?
pXp
(011 012 *** O1p
_ 021 022 ** Oyp
[Op1 Op2 " Opp
(pxp)

[3, pp. 69-70] m
3.2.7 Population Standard Deviation Matrix

Definition 3.2.12 (Population Standard Deviation Matrix for X). 7/e population

standard deviation matrix for ( X1) is a diagonal matrix containing the p univariate
pX

marginal population standard deviations .| o;; along the main diagonal. Then, if

these standard deviations exist, the population standard deviation matrix for( X1) is
pX

denoted by V/?, is thep X p matrix
(pxp)

011 0

V1/2 — 0 7/ O 2

(rxp) : :

0 0 . /O.-pp

(pxp)

with inverse
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r 1
0 0
V011
1
(Vl/Z)—l — V—1/2 — 0 \/O'_ 0
(pxp) (pxp) : :22 :
1
0 0
Opp ]
(rxp)

[3, pp- 59, 72].
3.2.8 Population Correlation Matrix

Theorem 3.2.2 (Population Correlation Matrix for X). 7/he population correlation

matrix for X X1) is a symmetric matrix containing the p bivariate marginal
pX

population correlations p;; = 1 along the main diagonal and thep(p — 1)/2 distinct
bivariate marginal population correlations p;, (i < k). Then, if these correlations

exist, thep X p population correlation matrix for( X1) is given by
pX

p =Corr(X) = (V3 1. ¥y - (V)1
(pxp) (pxp) (pxp)  (Pxp)  (pxD)

where (VY/2)~1 s the inverse population standard deviation matrix and Yy 1Is the
(pxp) (pxp)

population variance-covariance matrix 3, p. 72].
Proof Use Definition 2.2.5, 3.2.6. and 3.2.7.

p = Corr(X)
(pxp) (pxp)

= (VY71 gy (VYA
(pxp) (rxp) (rxp)

— V—1/2 . _ V—1/2
(®xp)  (pxp) ®*P)



r 1
0 0
V011
0 ! 0
= V022
' 1
0 0
o pl
(rxp)
r 011 012 O1p 1
V011 011 011
021 022 O2p
V022 022 VO22 |
Op1 Op . Ty
[\ Opp  +/%pp v Opp
(rxp)
011 012
V011V011 V011V O022
021 022

=1V022V011  V022V0322

Op1 Op2
[/ Upp VO11 \/ Upp V022
(pxp)
(P11 P12 Pip
_ P21 P22zt P2p
| Pp1 Pp2 " Ppp
(pxp)
1 piz o Py
_ P21 1 - py
Pp1 Ppz 1
(pxp)

011 012
021 022

[EEN

Thus, p can be obtained from (V/?)'and Yx m

(rxp)

(rxp)

r 1
0
VO11
1
0
) V022
0 0
(pxp)

53
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Corollary 3.2.1. Letyi/ 2) be the population standard deviation matrixand p be
pxp (rxp)

the population correlation matrix. Then Yx the population variance-covariance
(pxp)

matrix can be obtained. That is,

p =(VYHT Ty (VAT
(pxp) (pxp) (rxp) (rxp)

V1/2 . . V1/2 — V1/2 . V1/2 -1, . V1/2 -1, V1/2
(pxp) (pgp) (pxp)  (pXp) ( (po)) (pz>:<)§9) ( (pxp)) (pxp)

vi/2. .y1/2 =

- Y% - I ,3(VY?) 1inverse of V1/2
(®xp) (pxp) @xp) (XD (pxp) @*P) (pxp) (pxp)

X =V1/2' .V1/2
(pxp) @%P) (pxp) (P*D)

3, p. 72].

3.3 Population Mean Vector and Variance-Covariance
Matrix for Linear Combinations of Continuous Random
Variables

3.3.1 Linear Combination
Definition 3.3.1 (Linear Combination of X). Let( cl) be ap X 1 vector of constants
pX

defined as

1
(&)

C =
(px1)

(px1)
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and let( X1) be ap X 1 population random vector of continuous random variables
pX

X1

(rx1)

i =1,2,...,p. Then alinear combination of( §1)’ is given by the inner product
p

X1
¢ - X =|e,c C]X2 =c, X, +c, X, + -+, X
axp) @xn  CEIV P 141 T €282 P2y
Xp
(px1)

[3, p- 76].
3.3.2 Population Parameters for Linear Combinations

Theorem 3.3.1 (Mean of a Linear Combination of X). Suppose a linear combination

¢’ - X _isgiven by Definition 3.3.1 and a population mean vector pyx = E(X) is
(1xp) (px1) (rx1)  (px1)

given by Definition 3.2.11. Then the expected value ormean of a linear combination

of X ,isgivenb
(rx1) & 4

¢ - X )= c -
((1><p) wxn) ) (BX,

Proof. Using linearity of E and Definition 3.2.5.

E( ¢ - X )
(1xp) (px1)
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X1

X3

=E| [c1, 0 n 6] |
(1xp) .

Xp

(px1)

= E(C1X1 + CZXZ + .-+ Cpo)
= ClE(Xl) + CzE(Xz) + .-+ CpE(Xp)

= Ciy + Coliy + o+ Cplip

Uy

u
= [Cll Cz,...,cp] 2
(1xp) w

(rx1)

= ¢ - u
o) (X

Theorem 3.3.2 (Variance of a Linear Combination of X). Suppose a linear

combination (1c’ ) X1) is given by Definition 3.3.1 and a population variance-
xp) (px

covariance Yx = Cov(X) isgiven by Theorem 3.2.1. Then the variance of a linear
(pxp) (pxp)

combination of X , isgiven by
(px1)

p

P
var( ¢ - X >= c " o =ZZC'C 7
((1Xp) (px1) (1xp) (p%)é) (px1) T k=1 s

p

p
_ 2 + — 2 + 2
= Ci 0ji CiCxOix = Ci 0j; CiCrOix
| ———
1 2k



Proof Using properties of variance and covariance.

Var( ¢ - X )
(1xp) (px1)

X1

X

= var [cl,cz,...,cp] .
(1xp) ;

Xp

(px1)

=var(c;X; + 62Xy + - + ¢pX,)

= cov(ci Xy + Xy + -+ + ¢ Xp, 01Xy + Xy + -+ X))

= cZvar(X;) + cyccov(Xy, Xp) + - + clcpcov(Xl,Xp)
+cy000v(Xy, Xp) + c2var(Xy) + -+ + cacpcov(Xa, Xp)
Foe gt
cpclcov(Xp,Xl) + cpczcov(Xp,XZ) + -+ cgvar(Xp)

= cfvar(Xy) + civar(X,) + -+ + cvar(X,)
+2¢;c,c0v(Xq, X)) + - + 2¢p_1cpcov(Xp_q, X))

= cfo11 + 505, + -+ choyy

+2C1C20-12 + + 2Cp_1CpO'(p_1)(p)

=

p P

— — 2

= 2 2 CiCrOi = Z ci o5+ Z Z CiCxOik
—

=1 ik

i k=1 i=1

14
— 2
= Z C; Oj; + 2 Z CiCrOik
1

i= i<k
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= ¢ - - c
(1xp) (g’;‘,) (px1)

011 012 ** O1p][C1
021 022 = Oxp||C2
= [Cll €2 eun) Cp] : : . I “
(1xp)
Op1  Op2 Oppl Lp
(pxp) (px1)

610'11 + C20-12 + + Cp0'1p

C10-21 + 620'22 + + Cp0'2p
= [ClJ Cz,...,cp] .
(1xp) )
Clo-pl + Czo'pz + -+ CpO'pp

(rx1)

= ¢1(€1011 + 2015 + - + Cp01p)
+¢5(€261021 + €205 + -+ + € 02p)
+ cee +
Cp(€C10p1 + €20, + - + Cp0Opp)

= {011 + 162015 + -+ 16,01,
0201021 + €505 + -+ 20,07,
+ .o 4
CpC10p1 + CpC20p7 + =+ + ChOpy

= cfoy1 + 505, + -+ choyy

+2¢1C3015 + -+ 2Cp-1Cp0p-1)(p)

=

k=1 i=1

p P

— — 2

= E E CiCrOij = § ci o+ § § CiCxOik
—
=1 i#k

p

— 2
= Z C; Oj; + ZZ CiCro;, N

i=1 i<k
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Theorem 3.3.3 (Covariance of Two Linear Combinations of X). Suppose two linear

combinations b' - X and ¢’ - X aregiven following Definition 3.3.1 and a
(1xp) (px1) (1xp) (px1)

population variance-covariance Yx = Cov(X) is given by Theorem 3.2.1.Then the
(pxp) (pxp)

covariance of two linear combinations of X X1)’ is given by
pX

!

cov(b’ - X, c - X)— b - Yx + ¢
(axp) (px1) (1xp) (px1) (axp) pxp) @®x1)

P p

E bicxoi, = E bic;o;; + E E bicioix
e
=1 ik

14
=1 k=1 i

i

Proof Using properties of variance and covariance.

cov(b’ - X, c - X)
(1xp) (px1) (1xp) (px1)

X1 X1

X X

= cov [bl, bz,...,bp] :2 ,[cl, cz,...,cp] :2
(1xp) : (1xp) ’

Xp Xp

(px1) (px1)

= COV(b1X1 + bZXZ + -+ prp, C1X1 + C2X2 + -+ Cpo)



= bycyvar(Xy) + bycycov(Xy, Xo) + -+ + bycpcov(Xy, X))

+b,cicov(Xy, Xp) + bycyvar(X,) + -+ bchcov(Xz,Xp)

b,cicov(Xy,, X1) + bycacov(X,, X;) + -+ + bycyvar(X))

= b1C10'11 + b2C20—22 + -+ prpO'pp + b1C20-12 + b2C10-21

t ot by 16 0p-1)(p) T DpCp-100)(p-1)

!

= [bl, bz, vy bp]
(1xp)

= [by, by, ..., by
(1xp)

= b - - C
(1xp) (pzi’;) (px1)

(011 012 *** O1p] [C1
031 O = Ozpl|C2
[Op1 Opz " Oppl S

(pxp) (rx1)

_C10-11 + C20-12 + -4+ Cp0'1p
C10'21 + C20-22 + -+ Cpo-zp

[C10p1 T C20p2 + -+ CpOpyp
(px1)
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= by (1091 + €015 + -+ €01y
+by (1021 + €202, + -+ + Cp0p)
by (€10p1 + €205, + -+ + ¢ 0,p)
= bycy011 + b1C3015 + - + bycy04p
+byC1021 + byCy055 + - + bycp 03y
+ ces +
byc10p1 + bpCy0,5 + -+ + byCpOpy
= b1€1011 + byC3055 + -+ + byCp0Oyy + b1C2015 + byci 074
t et bp_16p0p-1)(p) T PpCp-100)(p-1)
p P p
= 2 2 bicxoy = ) bicioy + Z Z bickoy =
i=1 i=1 e r—

i k=1 =
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3.3.3 q Linear Combinations

Definition 3.3.2 (q Linear Combinations of X). Consider C a matrix of real

constants and the q linear combinations of : X1)’ Y;,
pX

Yl = Ci N X = C11X1 + C12X2 +
(1xp) (px1)
YZ = C’ X = C21X1 + C22X2 +

(1 ><2p) . (px1)

Y, = c X

R I

or In matrix notation,

— li -

Cl * X
Y (1><’P) (p;‘) €11 C12
v = |72 =|ad exn|_ |
(ax1) : : : :
Y C C
q oL q1  Cq2
@D |0 wxn)] (axp)
(gx1)

3, p. 76].

(gxp)

ot X,

o Cpp Xy

et CqpXp

C1p X1
Cop [ | X2

Xp

(rx1)

Cap

= - X
(gxp) (px1)
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3.3.4 Population Mean Vector for q Linear Combinations

Theorem 3.3.4 (Population Mean Vector for g Linear Combinations of X). Suppose q

linear combinationsY; = c¢; - X X1) are given by Definition 3.3.2 and a population
(1xp) (PX

mean vector ux = E(X) isgiven by Definition 3.2.11.Then the population mean
(px1)  (px1)

vector for q linear combinationsof X , Y , isgiven by
(px1) (px1)

o M

(1xp) (px1)

E(Y) E( C X ) C (1Cé)'(”xl)

= = . = . = Xp pX
(£<Y1) (gx1) (gxp) (px1) (gxp) (#<x1) :

Cq * Hx

| (1xp) (Px1)]
(gx1)

3, p. 76].

Proof. Using the linearity of E and Definition 2.2.5.

Hy
(gx1)
= E(Y)
(gx1)
=E< C - X )
(gxp) (px1)
Ci1 €12 " Cip][X;
C C cee C X
o N R |
Cq1 Cq2  CapllXp

(gxp) (px1)



Ci11 C12
C21 C22
Cq1 Cq2
(gxp)
€11 C12
C21 €22
Cq1 Cq2
(axp)
(€11 C12
C21 C22
_cql qu
(gxp)

= C - px
(@xp)  (px1)

[ € px ]
(axp) (px1)
C;

154
(1xp) (px1)

!

C; - Hx

L(1xp) (px1)]
(gx1)

C1p X1
c X
2p E :2
Cap Xp
(px1)
Cip [E(X1)
Cap [ | E(X2)
Capd LE (X))
(px1)
Cip] U1
Cop| | U2
Capl LHp
(px1)

[C11U1 T+ Crolp + -+ Cipllyp
Ca1l1 + Copllp + ==+ + Coplip

[Cqalla + Cqally + =+ Copllp
(ax1)
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Thus, the ith row of( Y1) has population mean
qx

17i=E(Yi)=E< ¢ - X >= L
(axp) @D/ axp) (px1)
fori =1,2,..,q.

3.3.5 Population Variance-Covariance Matrix for q Linear

Combinations

Theorem 3.3.5. (Population Variance-Covariance Matrix for g Linear Combinations

of X). Suppose q linear combinationsY; = c¢; - : X1) are given by Definition 3.3.2
(1xp) PX

and a population variance-covariance Yx = Cov(X) is given by Theorem 3.2.1.
(pxp) (pxp)

Then the symmetric population variance-covariance matrix for q linear

combinations of X ,

Y ,isgiven b
(px1) (gx1) & d

Xy =Cov(Y)= C - ¥x - C
(axq)  (@@xq)  @xp) (pxp) @xd

[3, p- 76].
Proof Using Definition 2.2.5 for matrix multiplication and following Theorem 3.3.2
for computation of diagonal elements and Theorem 3.3.3 for computation of off-

diagonal elements.

2y

(gxq)

= Cov(Y)
(axq)



= C ¥ C
(axp) (pxp) (P>
€11 C12 ° C1p][911 O12 ** O1p][€11 C21 = Cq1
|21 €G22 vt Cap||021 022 0 Ozp||Ciz Caz t Cg2
Cq1 Cq2 " CqpllOp1 Op2 = OppllCip Cop * Cgp
(axp) (rxp) (rxq)
- ! 1A 1A -
C; * Yx © € € - Yx € v € - ¥x - €
(axp) (pxp) (Ex1) (@1Axp) (@Exp) (@Px1) (1xp) (pxp) (px1)
1A 1A !
C " 2x € C; *Xx " € v € - Yx -
= 1(xp) (xp) ((@Ex1) (@Axp) ((@Exp) (Px1) (1xp) (pxp) (px1)
1A 1A !
cq . ZX . cl cq . ZX . cz ves cq . ZX . cq
L(1xp) (@xp) (©Xx1) (1xp) (@xp) (px1) (1xp) @xp) (px1)d

(gxq)

Thus, the ith row of( Y1) has population variance
qx

var(Y;)) = ¢ - ¥x - ¢
(1xp) (pxp) (px1)

fori =1,2,..,q.

And the ith row and kth row of( Yl)have population covariance
gx

cov(YV,Vi)= ¢ - Yx - €& = € * Yx - C
(1xp) (xp) (@x1) (@Axp) (@Exp) (px1)

fori,k=1,2,..,q.
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3.4 Population Random Vector, Mean Vector, and
Variance-Covariance Matrix for Standardized
Continuous Random Variables

3.4.1 Population Random Vector for Standardized Continuous

Random Variables

Definition 3.4.1 (Population Random Vector Z). 4 population random vector for
standardized continuous variables is a vector whose elements are standardized
population continuous random variables from ap — variate population. Fach

standardized continuous random variable is of the form

X

Z

fori =1,2,..,p.

Specifically, let the population random vector ( Z1) = {Z;} be defined by
pX

(X1 — 4]
7 VO11
1 X, — u
7, 2 2
7 = V—1/2 . X -— =1 .= \/ O
(px1)  (xp) \(pxD) (zl;ixl) : -
7 :
x| Ko o
| ‘V O-pp i
(px1)

Where( X1) is a population random vector defined in Definition 3.2.1,, px isa
pX (px1)



population mean vector defined in Definition 3.2.11., andV ~/?js an inverse

(pxp)

population standard deviation matrix defined in Definition 3.2.12.

. X _
(Wl) (#xxl)>

Z =V
(rx1) (rxp)

r 1

01

= 3

N

03

(pxp)

[3, pp. 436-437].

X1 My
Xz _ %)
Xp HUp
(px1) (px1)
(X1 — U1
VO11
X1 = X, — U Zy
Xy — Uz 2 2 Z,
: =l voz2 |T|:
Xp — Hp ;H Zy
(px1) p 14 (px1)
| /Opp |

(rx1)
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3.4.2 Population Parameters for Standardized Continuous

Random Variables

Theorem 3.4.1 (Univariate Marginal Population Mean for Z;). Suppose the
univariate marginal population means u; = E (X;) are given by Definition 3.2.5 and
univariate marginal population standard deviations .| o;; are given by Definition

3.2.6. Then the univariate marginal population means for Z; are given by

X — 1
uz,l-=E(Zl-)=E<l “‘)=0
v Oii

fori =1,2,..,p.

Proof. Using linearity of E.

:uz,i
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Theorem 3.4.2 (Univariate Marginal Population Variance for Z;). Suppose the

univariate marginal population means u; = E (X;) are given by Definition 3.2.5 and
univariate marginal population standard deviations ./ o;; are given by Definition

3.2.6. Then the univariate marginal population variances for Z; are given by

X, —
021 = E(Z; — py)? = var(Z;) = Val‘( l lll) =1

fori =1,2,..,p.
Proof. Using properties of variance and covariance.
Oz,ii

= E(Z; — liz,)*

= var(Z;)

(Xi - lli)
= var
v Tii

1
= —var(X; — u;
Oie var( i :ul)

22

1
= —cov(X; — i, X; — )

2

1
= oy [cov(X;, X;) — cov(X;, ;) — cov(uy, X;) + cov(u;, py)]

1 1
= —cov(X;, X;) = —var(X;)
ii Oii
0’..
="=1m
Oii
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Theorem 3.4.3 (Bivariate Marginal Population Covariance for Z; and Z, ). Suppose
the univariate marginal population means yu; = E(X;) are given by Definition 3.2.5
and univariate marginal population standard de Viations\/a_ii are given by Definition

3.2.6. Then thebivariate marginal population covariances for Z; and Z, are given by

= Pik

X:—u: X, —
o = B = o) (B~ o) = cov(Z ) = con (11 T2t

fori,k =1,2,..,p.

Proof. Using properties of covariance and Definition 3.2.8.
0z,ik

= E(Z; — p,:)(Zic — piz)

= cov(Z;, Zy)

<Xi — W Xp— Mk)
= cov

\/U_ii ’ v Okk

1
——=cov(X; — u;, X — ty)
\ Oii+/ Okk

1
= ﬁ [cov(X;, Xx) — cov(X;, uy) — cov(uy, Xy) + cov(uy, py)]

Oiji/ Okk

1
= ——=——=Cov(X;, Xj)

\/U—ii\/ Okk

Oik
= ———==corr(X;, Xy) = py ™

\/U—ﬁ\/ Okk
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Thus, standardizing population continuous random variables turns bivariate
marginal population covariances g, j; into bivariate marginal population
correlations py. Thatis, o, ;, = py for i,k = 1,2, ..., p. If X;, X}, are statistically

independent, then o, ;; = p;, = 0. Note g, ;4 = 0,4, and wheni =k, 0, ; = p; = 1.
3.4.3 Population Mean Vector for Standardized Continuous

Random Variables

Definition 3.4.2 (Population Mean Vector for Z). The population mean vector for

( Z1) or expected value of : Zl)is a random vector consisting of the univariate
pX pX

marginal expectations of each of its standardized elements. Then the population

mean vectorfor 17 orexpectedvalueof 71 denotedby u; = E(Z),isthep X1
(px1) (px1) (rx1)  (px1)

vector

E(Zl) .uz,l 02,1 0
0
”Z = E(Z) = E(:ZZ) = M?,Z = f’z = lo“
(px1)  (px1) : ’ :
E(Zp) 'uZ:P Oz,p 0

= 0
(px1)
(px1) (px1) px1)  @xD

Thus, the population mean vector for g )is the

0 —vector|[3,p.437].
wE 9 [3, p. 437]

(px1
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3.4.4 Population Variance-Covariance Matrix for Standardized

Continuous Random Variables

Theorem 3.4.4 (Population Variance-Covariance Matrix for Z). 7he population

variance-covariance matrix for ( Z1) Is a symmetric matrix containing thep
pX

univariate marginal population variances o, ; = 1 and thep(p — 1) /2 distinct
bivariate marginal population covariances oy, = py, (i < k). Then, if these
variances and covariances exist, thep X p population variance-covariance matrix for

Z isgivenb
(rx1) & 4

Yz =Cov(Z)=EZ—-pu)(Z—pug)' = p
(rxp) (rxp) (px1) (1xp) (rxp)

where p; = E(Z) = 0 _isthe population mean vector for Z [3,p.437].
(x1) (px1)  (®XD) (px1)

Proof. Use linearity of the operator E, Definition 2.1.2, 2.1.11, and 2.2.5, Theorem

3.4.2 and Theorem 3.4.3.

2z

(rxp)

= Cov(Z)
(pxp)

=E(Z— pz)(Z ~ pz)’'
(pxD)  (1xp)

Zy — Uz

Z, — U
=F 2 : 22|, [Z1 = Uz10Z2 — Uz eer Zp — Ugp]
' (1xp)
Zp — Hzp
(px1)



— Ug, 1)2 (Z1 — .Uz,1)(Zz - llz,z)
(Zz Uz, 2)(21 llz,1) (Z; — llz,z)2
\l(Zp Uz p)(Zl Mz,l) (Zp - Mz,p)(ZZ - .uz,Z)
(rpxp)
— Ug, 1)2 (Z1 — .Uz,1)(Zz - llz,z)
( — Uz, 2)(21 llz,1) (Z; — llz,z)2
l(Zp Uz p)(Zl .uz,l) (Zp - .uz,p)(ZZ - .UZ,Z)
(pxp)
I[ E(Zy = pzn)? E(Zy — uz1)(Z2 — Uz2)
— | E(Zy = uz2)(Z1 = Hz1) E(Zy = liz2)?
I : :
LE(Z) — 10p)(Z1 = 121)  E(Zp — ts) (Zo — Hz2)
(rpxp)
011 012
V011VO011  VO011VO022
0z11 O0z12 O0z1p . G
21 22
O0z21 Oz22 *° Oz2p
=1 : : : | T V922V011  VO22V022
o o. o. : :
z,pl z,(g;zxp) Z,pp O-pl O-pz
[/ O-pp VO11 1/ Upp V022
(pxp)
P11 P12  Pip ,012 “ Pip
_ P21 P22zt P2p P2p| _
: : c ' (pxp)
Pp1  Pp2 Ppp ,Dpz 1
(pxp) (pxp)

Hence, the population variance-covariance matrix for : Z )
pXx1

correlation matrix of X .Thatis, Y, =
x1)’ (xp)

p u
(pxp)

74
- ;uz,p)
- /’lz,p)}
(Z

P ;uz,p)z J
- .uz,l)(Zp - :uz,p)
2 /lz,z)(zp - /lz,p)

p ﬂz,p)z J

(Zy
(Z,

- .uz,l)(Zp
- /’Lz,z) (Zp

(Zy
Z

Z

E(Z,
E(Z,

- .uz,l)(Zp
- llz,z) (Zp

— lzp)]
- /'lz,p) i

E(Z, —t5p)° |

O1p

V011,/Opp

_ 9w
VO22+/9pp
Opp

v/ Opp+/ %pp |

is equal to the population
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3.5 Mean Vector and Variance-Covariance Matrix for
Linear Combinations of Standardized Continuous
Random Variables

3.5.1 Linear Combination of Standardized Continuous Random

Variables
Definition 3.5.1 (Linear Combination of Z). Let( C1) be ap X 1 vector of constants
pX

defined as

1
(&)
C = .
(px1)
Cp
(px1)

and Iet( Z1) be ap X 1 population random vector of standardized continuous
pX

random variables
Zy
Z,

(x1)

Zp

(px1)

Then alinear combination of : Zl), p standardized random variables, is given by the
pX

inner product
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Zy
¢ - 7 =[cc C]Zz I
(1xp) (px1) L (i;'r;')’ pll : 141 242 plp-
Zyp
(px1)

3.5.2 Population Parameters for Linear Combinations of

Standardized Continuous Random Variables

Theorem 3.5.1 (Mean of a Linear Combination of Z). Suppose a linear combination

!

of T , ¢ - 1 ,isgiven by Definition 3.5.1 and a population mean vector of
(px1) (1xp) (px1)

, Uz =E(Z) = 0 ,isgiven by Definition 3.4.1. Then the expected value or
(<) (px1) (px1) (@xD

mean of a linear combination of X Z1)’ is given by
pX

R/ ): ¢ - =0
((m) o) ) (BB

Proof. Using linearity of E and Theorem 3.4.1.

E( c - Z )
(1xp) (px1)

A

Z

=F [cl,cz,..,cp] :2
(1xp) )

Zp

(px1)

=E(c1Zy + 22y + -+ ¢pZ,)
= 1E(Z1) + c;E(Zy) + -+ + ¢ E(Z,)

= Cilz1 + Calz2 + -t CpHzp
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.uzl
.uzZ
= [Cll Cy, .. Cp]
(1><p)
.uz,p
(px1)

!

C .
(1xp) (#}1)

= ¢ -
(1xp) (px1)

=0m

Theorem 3.5.2 (Variance of a Linear Combination of Z). Suppose a linear

!

combination of 7.

c , is given by Definition 3.5.1 and a population
(px1)’ (1><p) (p

variance-covarianceof 1 , Y, = p ,Iisgiven by Theorem 3.4.4. Then the
®xD pxp)  (pxp)

variance of a linear combination of : Z1)’ is given by
pX
P

p
Y S o >= o’ " ox =ZZC'C0-
((1><p) (px1) (1xp) (pz>:<zp) (px1) itkCzik

i k=1

ZC O'le+zzclck0-21k ZC O-le+zzclcko-Zlk

i<k
P b
=c - p - cC ZEZCiCkPik
1 1
( XP) (pxp) (px ) — =
14

Z Ci Pii + Z Z CiCkPik = pC + 2 Z CiCkPik-

i=1 i<k
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Proof. Follows directly from Theorem 3.3.2, Theorem 3.4.3, and Theorem 3.4.4 m

Theorem 3.5.3 (Covariance of Two Linear Combinations of Z). Suppose two linear

! !

combinationsof Z , b' - Z and ¢ - Z , aregiven following Definition 3.5.1
(px1) (1xp) (px1) (1xp) (px1)

and a population variance-covarianceof 1 , Y, = p isgiven by Theorem
®x1) pxp)  (pxp)

3.4.4. Then the covariance of two linear combinations of X Z1)’ is given by
pX

p p
covb’-Z,c’-Z>=b’- - c = b;c.0, ;
((mo) @x1) (xp) XD/ (1xp) (pzié) (px1) 2 lkzl itk

1= =

=Db - p - c.
(1xp) (pxp) (px1)

Proof. Follows directly from Theorem 3.3.3, Theorem 3.4.3, and Theorem 3.4.4 m



3.5.3 g Linear Combinations of Standardized Continuous

Random Variables

Definition 3.5.2 (q Linear Combinations of Z). Consider C a matrix of real

constants and the q linear combinations of : Z1)’ Y;,
pX

Yl = C:,l N Z = 61121 + 61222 +
(1xp) (px1)

YZ - Cé . Z - C21Z1 + C22Z2 +
(1xp) (®*1)

o= Sa ity T Cnirt ot

or In matrix notation,

1 ]
Y, (1xp) (p;l) €11 C12
c .
v = || =|ad em| |2 2
(q)(]_) . : . .
Yq

_(1qup) (px1) | (axp)

(gx1)

(gx1)

(gxp)

ot 17

vt CpZy

ot CqpZp

C1p Z 1
: : (gxp) (px1)
Capl 12y

(px1)
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3.5.4 Population Mean Vector for q Linear Combinations of

Standardized Continuous Random Variables

Theorem 3.5.4 (Population Mean Vector for g Linear Combinations of Z). Suppose q

linear combinations of( Z .Y, = ¢ - 1Z aregiven by Definition 3.5.2 and a

px1) (1xp) (PX1)

population mean vectorof 1 , nz; = E(Z) = 0 _isgiven by Definition
X1 px1)  (px1)  @*X1)

3.4.1. Then the population mean vector for q linear combinations of X §1)’ X ¥1), s
i P

given by

[ My
(1xp) (px1)
E(Y) E( C Z ) C (1Cé)'(uz1) 0

= = . = . = Xp pX =
(£<Y1) (gx1) (gxp) (px1) (axp) (#}1) : (gx1)
Cq Mg
L (1xp) (px1)]

(gx1)

Proof. Using the linearity of E and Definition 2.2.5.

Hy
(gx1)
= E(Y)
(gx1)
=E< C - Z )
(gxp) (px1)
€11 €12 " Cipl[Zy
Se||T ‘ IZ
Cq1 Cq2 Capl LZp

(gxp) (px1)



Ci11 C12
C21 C22
Cq1 Cq2
(gxp)
€11 C12
C21 €22
Cq1 Cq2
(axp)
(€11 C12
C21 C22
_cql qu
(gxp)

C -y
(@xp)  (px1)

€z ]
(axp) (px1)

!

C;, - Mz
(1xp) (px1)

!

C; - Hz

L(1xp) (px1) ]

(gx1)
0
0
0

(gx1)

0
(gx1)

C11Mz1 T C12lz 2 +
Ca1Mz1 T Coplyz o +

[Cq1lz1 T Cqallzz +
(ax1)

Zy

Zyp
(px1)

E(Z1)
E(Z,)

E(Zp)
(px1)

[Uz1
.uz, 2

11Hzp

(px1)

o + Clpﬂzﬁp
o + Czpﬂz‘p

+ Coplzp
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Thus, the ith row of( Y1) has population mean
pX

_i=E(Yi)=E< I / >= ci - puz =0
(1xp) ®xD) (1xp) (px1)

fori =1,2,..,q.
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3.5.5 Population Variance-Covariance Matrix for q Linear

Combinations of Standardized Continuous Random Variables

Theorem 3.5.5. (Population Variance-Covariance Matrix for g Linear Combinations

of Z). Suppose q linear combinationsof Z ,Y; = c; Z _are given by Definition
(px1) (1xp) (PX1)

3.5.2 and a population variance-covarianceof 1 , Y7 = p Isgivenby
®>1) (pxp)  (pxp)

Theorem 3.4.4. Then the symmetric population variance-covariance matrix for q

linear combinationsof Z , Y , isgiven by
(px1) (px1)

ZY =COV(Y)= C - ZZ - ¢ = C - p - c’
@xq) (axq) (@xp) pxp) @xa)  (@xp) @pxp) @x)

Proof Using Definition 2.2.5 for matrix multiplication and following Theorem 3.5.2
for computation of diagonal elements and Theorem 3.5.3 for computation of off-

diagonal elements.

2y
(axq)
= Cov(Y)
(axq)
= C % - C
(axp) (pxp) @)
€11 Ci12 *° C1p][9z11 Oz12 *° Ozip][€11 C21 *° Cq1
C21 Ca2 *° Cop||0z21 Oz22 **° Oz2p||€12 C22 *° Cg2
Cq1 Cq2 *° CgpllO9zp1 Ozpz ** OzppllCip C2p ** Cgp

(axp) (rxp) (pxq)



(€1 - Xz G G - ¥z € v €t ¥z o Cg ]

(xp) (Gxp) (xD)  (1xp) (xp) (X1) (xp) OxD) (px)
C; "Xz " € € ¥z € v € - ¥g o €
= [(xp) (pxp) (Px1) (xp) (pxp) (px1) (1xp) (@xp) (px1)
cé] . ZZ . Cl C‘II . 7 - c2 c(’] . ZZ . cq
L(1xp) (@xp) (X1 (@(1xp) {@xp) (px1) (1xp) @xp) (px1)d
(axq)
= C . p . C’
(axp) (pxp) (P*a)

(€11 C12 *° Cip1[P11 P12 = Pip][C€11 C21 = Cq1]
|21 G220 vt Cop||P21 P2z vt P2p €1z C2z o Cg2
[Cq1 Cq2  CgpllPp1 Ppz = Pppll€ip C2p = Cgpl
(axp) (rxp) (rxq)

B ci . p . cl ci . p . c2 e ci . p . cq
(1xp) (pxp) (px1) (1xp) (pxp) (px1) (1xp) (pxp) (px1)
cé . p . cl cé . p . c2 e cé . . cq
= [(xp) (pxp) (Px1) (@(xp) (pxp) (px1) (1xp) (Pxp) (px1)
CéI . p . Cl (:‘,2 . p . c2 cee c’q . p . cq
L(1xp) (xp) (X1 (@(1xp) {@xp) (px1) (1xp) @xp) (px1)d
(gxq)

Thus, the ith row : \x(l) has population variance
q

! !

var(Y)= ¢ - ¥z - ¢ = ¢ - p - ¢
(1xp) (@xp) (Px1) (@Axp) ((@Exp) ((Ex1)

fori =1,2,..,q.

And the ith row and kth row of( Y1) have population covariance
gx

cov(Y;, V)

=€ Yzt C = C Xz G
(1xp) (pxp) (Px1) (Axp) (@Exp) (Px1)

4 !

= Cl . ck = ck . . cl
(1xp) (xp) (@x1) (@Axp) (@Exp) (Px1)

fori,k=1,2,..,q.
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Chapter 4

Multivariate Sample Theory

4.1 Organization of Multivariate Sample Data

Multivariate sample data arise whenever an investigator, seeking to understand a
social or physical phenomenon, selects a number p > 1 of variables or
characteristics to record. The values of these variables are all recorded for each
distinct multivariate observation.

We will use the notation xj, for realized samples, to indicate the particular
value of the kth variable (characteristic) on the jth multivariate observation. That is,

xXji = measurement of the kth variable on the jth multivariate observation

Consequently, n multivariate observations on p variables (characteristic) can be

displayed as follows:
Variable 1 Variable2 --- Variablek -+ Variablep
Observation 1: X11 X12 X1k X1p
Observation 2: X21 X2 Xok X2p
Observation j: Xj1 Xj2 Xjk Xjp
Observation n: Xn1 Xn2 Xk Xnp

for j = 1,2, ...,n multivariate observations and k = 1,2, ..., p variables [3, p. 5].
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A variable or column of the multivariate sample data array is called a realized

characteristic vector of dimensionn x 1

X1k
X2k
X = .
(nx1)
Xnk
(nx1)

for k = 1,2, ..., p. Where the transpose of the characteristic vector is of dimension

1Xn

r_
Xp = [xlkﬂka' "'!xnk]'
(1xn) (1xn)

A realized multivariate observation vector of dimension p X 1 is given by

le
_ |2
(px1)
Xjp
(px1)

for j = 1,2, ...,n. Where a row of the multivariate sample data array is given by the

transpose of a multivariate observation vector of dimension 1 X p

ro_
Xj = [le,ij,...,ij].
(1xp) (1xp)

The n X p multivariate sample matrix X X ) can also be displayed as n
nxp

realized transposed multivariate observation vectors, stacked on top of each-other,

each with p characteristics or variable elements.
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X11  X12 X1k X1p X]

x x e x e x 7
SR ] I

X = =
(mxp) (%1 Xz ot Xk v Xp [T x;
!

[ Xn1 Xn2 0 Xnpk Tt Xppl b.en

(nxp)

for j = 1,2, ...,n multivariate observations and k = 1,2, ..., p variables.

4.2 Random Samples

4.2.1 Univariate Random Sample

Definition 4.2.1 (Univariate Random Sample). /frandom variables X, for
j =1,2,...,n are independent and identically distributed (iid) from a common
population continuous random variable X;,, with univariate marginal pdff;, (x;),
population mean y,, and population variance oy, then, X1y, Xox, -, Xni constitute a
univariate random sample of sizen [6, p. 226].

One should be aware that the elements X, for j = 1,2, ...,n must be
independent; however, random variables (characteristics) X from k = 1,2, ...,p are
generally not assumed independent--especially when realized on the same

multivariate observations [3, p. 119].
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4.2.2 Multivariate Random Sample

Definition 4.2.2 (Multivariate Random Sample). /f random vectors

le

X.

_ |2

Xj =\
(px1)

jp

(px1)

forj = 1,2, ...,n are independent and identically distributed (iid) observed from a

common population random vector of continuous random variables

defined in Definition 3.21., with joint pdf

f((p§1)) = fizp (%1, %2, 0, Xp),

defined in definition 3.2.2., population mean vector

E(X1) l‘l
E(X
uy =Ex) = [FED |2
(rx1)  (px1)
( p) 'up
(px1) (px1)

defined in Definition 3.2.11., and population variance-covariance matrix

Yx =Cov(X) =EX—pux)(X—pux)';
(rxp) (rxp) (px1) (1xp)

defined in Theorem 3.2.1,then, these random vectors X, , X, ,..., X,, constitute
(px1) (px1) (px1)

a multivariate random sample of sizen from ap — variate population.



89
4.2.3 Multivariate Random Sample Matrix

Definition 4.2.3 (Multivariate Random Sample Matrix). A multivariate random
sample matrix is a random matrix whose row vectors are unrealized multivariate
sample observations

Xj = [Xi1, Xi2s ) X
(1xp) (1xp)

forj = 1,2, ...,n. In addition, the column vectors of the matrix are unrealized

variables or characteristics taken on each of then multivariate sample observations

X1k
Xok
X, =1 :
(nxkl)
Xnk
(nx1)

fork = 1,2, ...,p. Let the (j, k)th entry be a continuous random variable Xik, then the

n X p multivariate random sample matriX( X ) = {Xj} is defined by
nxp
X111 X1z o X o Xip] X
X1 Xop 0 Xop o Xy X,
X — . . . . — I,
(nxp) Xin Xppo o X o Xp X;
(Xn1 Xnz o Xk v an_ -X;’l-
(nxp)
forj =12,..,nandk = 1,2, ...,p. Since the row vectors Xi , X} ,..., X,

(1xp) (1xp) (1xp)
representiid multivariate sample observations with common joint pdf,

X:, X, ,.., X,, aresaid to form a multivariate random sample[3, p. 119].
(px1) (px1) (x1)



One often refers to each

Xj

X.
X] == ,2
(rx1) )

(rx1)

forj = 1,2, ...,n, as an unrealized multivariate sample observation (vector). When
the multivariate sample observation (vector) has been realized (drawn) the

notation becomes

le
_ |2
(rx1)
Xjp
(rx1)

for j = 1,2, ...,n. Similarly, one often refers to each

X1k
Xk = XZk
(nx1)
Xnk
(nx1)

for k = 1,2, ..., p, as an unrealized sample characteristic (vector).

When the sample characteristic (vector) has been realized the notation becomes

X1k
Xak
Xp =1 :
(nx1) '
Xnk

(nx1)

fork =1,2,..,p.

90
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4.3 Sample Statistics

Definition 4.3.1 (Sample Mean). Let X, forj = 1,2,...,n beiid continuous random
variables with common population univariate marginal pdff, (x;), mean yu;, and

variance oyy. Then the unrealized sample mean X,, is defined by

_ 1o
X, == X;

fork =1,2,...,p where—o < X, < .

Because E (X)) = i, one can say X, is an unbiased estimator for the
univariate marginal population mean py.
Definition 4.3.2 (Sample Variance). Let X, forj = 1,2, ...,n beiid continuous
random variables with common population univariate marginal pdf f, (x, ), mean p,

and variance oyy,. Then the unrealized sample variance Sy, is defined by

1 n _
Skk = Z ] 1()(}]( _— Xk)z
j=

n—1

fork =1,2,...,p where(0 < Sy, < oo.
Because E (Skx) = gy, one can say Sy is an unbiased estimator for the

univariate marginal population variance gy,. Although, the sample standard

deviation /Sy is a biased estimator for the univariate marginal population

standard deviation ./ gy; given, E(W/Skk) * \/ Ok
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X..
Definition 4.3.3 (Sample Covariance). Let X; = [X] ] forj =1,2,..,n beiid

l
ik
(2x1) (2>]<1)

continuous random vectors with common population bivariate (joint) marginal pdf
fir (xi, x). Denote the common population univariate marginal pdf for X;; as f;(x;)

with mean and variance [M.i_] and common population univariate marginal pdf for
22

(2x1)

Xjx as fx(xy) with mean and variance [ (';lk kk]. Then the unrealized sample covariance
(2x1)

Sik Is defined by

1

S, =
ik 7’1,—1

n

Z, 1(in — X)X — Xi)
j:

fori,k =1,2,..,p where—oo < §;, < 0.

Because E(S;;) = g;, one can say S;;, is an unbiased estimator for the

Xj1
o : . . . Xji X;
bivariate marginal population covariance ;. Given that X; = % ] c| " |for
” :
(2x1) (2>J<1) Xj
(px1)

j =1,2,...,n, the multivariate random sample is collected on p characteristics and
then subset into bivariate pairs. Furthermore, S;;, = Si; and when i = k the sample

covariance becomes the sample variance Sy.
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X..
Definition 4.3.4 (Sample Correlation). Let X; = [X] ] forj =1,2,..,n beiid

l
ik
(2x1) (2>]<1)

continuous random vectors with common population bivariate (joint) marginal pdf
fir (xi, x). Denote the common population univariate marginal pdf for X;; as f;(x;)

with mean and variance [M.i_] and common population univariate marginal pdf for
22

(2x1)

Xjx as fx(xy) with mean and variance [ (';lk kk]. Then the unrealized sample correlation
(2x1)

R; is defined by
Sik
VSiin/ Sk
1 _ _
1 2y=1(Xji = X)) (Xe — Xic)

1 = 1 _
\/mZ}Zl(Xﬁ — X;)? \/m27=1(xjk — X)?

Rix =

Foa (X = X)) (X — Xie)

] \/Z?zl(xﬁ — Xi)? \/Z?=1(Xjk — X})?

fori,k =1,2,...,p where =1 < R;;, < 1.
Because E(R;;) # pix, one can say R;; is a biased estimator for the bivariate

marginal population correlation p;;. Next, R;, = Ry; and when i = k the sample

. Skk Skk
correlation becomes Ry, = =—=1
VSkk/Skk  Skk
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4.4 Sample Mean Vector, Variance-Covariance Matrix,
and Correlation Matrix

4.4.1 Sample Mean Vector

Theorem 4.4.1 (Sample Mean Vector for X). Let random vectors X; , X; , ..., X,
(px1) (px1) (px1)

constitute a multivariate random sample defined in Definition 4.2.2. Then thep X 1

unrealized sample mean vector for ( ))5 ) is defined by
nxp

> j<|

p———
| oo
<
———

- 1o 1
X=—Z X, == X' - 1 =
X1 Nlaj=1px) N Exn) (X1

~

=
X
=

N

where —oo < X, < o, fork = 1,2, ...,p [3, p. 138].

Proof Use Definition 2.1.4, Definition 2.2.2, Definition 2.2.3, and Definition 4.3.1.

X
(px1)

iy

Jj=1 (pxl)

1
n\(px1) (px1) (p><1)
XTll
X12 4ot X:LZ
le sz Xnp

(px1) (px1) (px1)



-Xll + X21 + + an
_ 1 X12+X22+"'+Xn2
= n :
_le + sz + .-+ an
(px1)
_ n .
_ X
j=1
n
_1 X2
n.
. Xjp
L. ]=1 i
(px1)
_1 n -
— X.
n j=1 71
1 n
— X.
=|n =1 j2
1 n
(px1)
_)?1
= XZ
%,
(px1)

In terms of matrix operations( )_(1) can be obtained by
pX

x =1 x .
(px1) n (pxn) (nx1)
X11 X21 an 11
_1 X1z Xz o Xpo . 1,
Xip Xop  Xpp 1,

(pxn) (nx1)



-Xll + X21 + + an
_ 1 X12 +X22 + - +Xn2
_le + sz + + an
(®x1)
_ n .
_ X
j=1
n
_1 Z X2
n.
. Xjp
L. ]=1 i
(px1)
_1 n -
1 n
=L
1
— X.
ndaj_, P
_)?1
= )(:2 [ |
X,
(px1)

Because E( X > = MHx ,o0ne can say

X is an unbiased estimator for the
(px1) (px1) (px1)

population mean vector py .
(px1)
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4.4.2 Sample Variance-Covariance Matrix

Theorem 4.4.2 (Sample Variance-Covariance Matrix for X). Let random

vectors X; , X, ,.., X, constitute a multivariate random sample defined in
(px1) (px1) (px1)

Definition4.2.2. Assume the sample mean V€Ct01‘( )_(1) defined in Theorem 4.4.1
pX

exists. Then thep X p symmetric unrealized sample variance-covariance matrix for

X isdefined by
(nxp)

(pxp) T4 (,m) T ox1) \(pyy  @XD

1 1 !
. ( X —— 1 -1 - X ) . ( X ——- 1 1’ X )
n—1 \(nxp) n mx1) (Axn) (nxp) (nxp) n (n><1) (1><n) (nxp)

S11 Sz o S
-1 -(x—1-)_(')’-<x—1-)_(’)=5?1 Sz S
n—1 \(nxp) (@nx1) (1xp) (nxp) (nx1) (1xp) : : " :
Sp1 Sp2 Spp

(rxp)

[3, pp- 123,138].
Proof Use Definition 2.1.4, Definition 2.2.2, Definition 2.2.3, Definition 2.2.3,

Definition 4.2.3, Definition 4.3.2, and Definition 4.3.3.

( >< X, - X )
(pxp) —1Laj=y (p><1) (P><1) (px1) @D
Xjn X X1 X,

X

j2 Xz

- n—1 j=1 _ : h :
va Xp va Xp
(px1)  (px1) (x1)  (px1)



Xj1 — X1 Xj1 X
= Xjz — X3 Xjp — X,
n—1 j=1 :
[Xjp — Xp] Xjp — Xp
(px1) (px1)
Xjp — X1
X, — X = _ _
=1l 72702 ([Xjy = Xy, Xjp = Ky o) Xjp = X))
=t b (1xp)
\»ij — Xy
(px1)
— 2 —_ — _ _ _
Zjo (X — %) Ej-1 X — X)) Ko — X2) (X — X)X — Xy)
n—1 n—1 n—1
_ _ = B )
_|Za & - XX — KD Ea(Xe —X) (X — X)X — K)
- n—1 n—1 n—1
_ N ~ P
K = X)Xy — X)) XKy — Xp) (X2 — X2) (X, — X,)
n-1 -1 n—1
(pxp)
[S11 Siz S1p
_ S21 S22 vt Syp
-Spl SpZ SppJ
(pxp)

In terms of matrix operations Sy can be obtained by

(pxp)
1
Sy ( X —— 1 - 1
wxp) N—1 \xp) n C(x1) (xm) (nxp)
where
1
— . 1 . ro,
n (nx1) (@1Axn) (nxp)

Xll X12
X X

I “ 11, 12,..., ] * :21 :22
(1xn) : :

an an

(n><1)

!

X ) ( X
(nxp)

Xip
Xop

Xnp

(nxp)

!

1
n (nxl) (1xn) (nXp)

%)
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1 (X
" n—1 \(xp)

1

.
1 XX X -X, Xop — Xy
n—1 :
_an Xl XnZ_XZ an Xp
(nxp)
Xll - )El X21 - )zl an - )?1_
__ L XX XX, Xnz = X,
n—1 B B B
[ Xip —Xp Xop—Xp Xnp — Xp
(pxn)

!

.1 - .
n (mx1) (@axn) @mxp)

= -(X—l-)_(')-(X
n—1 \(mxp) ((nx1) (Axp) (nxp)

1,
1 1 n n n
= :2 [ [Z le,z ij,...,z X]p]
: n j=1 j=1 j=1
(1, ] (1xp)
(nx1)
1,
1, 1 n 1 n 1 n
Nk '[Ezjzlle.;ijlij,...,szlejp
1, ] (1xp)
(nx1)
1,
= 2| [%.%,0 .. %]
’ (1xp)
1, ’
(nx1)
=1 - X
(nx1) (1xp)
X X, X,
— X X p
X X X,
(nxp)

!

X ) ( X
(nxp)

!

.1 .
n (mx1) (@Axn) @mxp)

1 X')
(nx1) (1xp)

)
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—_ 2 _ — _ _ -
Z?=1(Xj1 - Xl) 7:1(le - Xl)(XjZ - Xz) Z?:l(le - Xl)(ij - Xp)
n—1 n—1 n—1
— — — \2 — —
(X, — X)) (X — X1) (X, - X2) 11X — X)) Xjp — Xp)
n—1

n—1 n—1

?zl(ij - Xp)(le - Xl) Z?:l(ij - Xp)(XjZ - )?2)

n—1 n—1
(pxp)
[S11 S1z Slp
Sy1 Sz v SZp -
[Sp1 Sp2  Spp
(pxp)

: —\2
n—1

The diagonal elements of the sample variance-covariance matrix are the

sample variances

n
S = (n— 1)_12, 1(Xjk - Xk)z
j=

variance-covariance matrix are the sample covariances

fork =1,2,...,p,i = k where S;; = Six.- The off-diagonal elements of the sample

Sik =M — 1)_12(in - X)) (X — Xy)
=

fori,k =1,2,...,p,i # k where S;;, = Sj;. Furthermore,

14
tr(SX) = Zk_lskk = Sll + 522 + -+ Spp

(pxp) (pxp)

(pxp)

estimator for the population variance-covariance matrix Yy .

(rxp)

100

(total sample variance). Because, E( Sx ) = Yx ,onecansay Sy isan unbiased



4.4.3 Sample Standard Deviation Matrix

101

Definition 4.4.1 (Sample Standard Deviation Matrix for X). Let random

vectors X; , X, , ...
(px1) (px1)

, X, constitute a multivariate random sample defined in
(px1)

Definition 4.2.2. Assume the sample standard deviations defined in Definition 4.3.2

exists. Then thep X p diagonal unrealized sample standard deviation matrix for

X isdefined by

(nxp)

with inverse

D1/2 —
(pxp)

(Dl/Z)—l — D—1/2 —

3, p. 139].

(pxp)

Nl

[SY

0 S22
0 0
) (pxDp)
1
0
\/ 511
1
0
2V, S22
0 0
(pxp)




4.4.4 Sample Correlation Matrix

Theorem 4.4.3 (Sample Correlation Matrix for X). Let random

vectors X; , X, , ...
(px1) (px1)

Definition 4.2.2. Assume the sample variance-covariance matrix Sx defined in
(pxp)

, X, constitute a multivariate random sample defined in
(px1)

102

Theorem4.4.2 exists, and the inverse sample standard deviation matrix defined in

Definition 4.4.1 exists. Then thep X p symmetric unrealized sample correlation

matrix for X isdefined by
(nxp)
R
(pxp)
— D—1/2 X . D—1/2
(pxp)  (pxp) (®*xP)
1 Ry Rip
_ R,y 1 Ryp
Ry1 Ry 1
(pxp)
[3, p- 139].

Proof Use Definition 2.2.5 and Definition 4.3.4.

— D—1/2 - Sy
(pxp)  (®*XP)  (pxp)
-1
Nl
1
0
= VS22
0 0
(pxp)

. D—1/2
(pxp)




521 522 Szp
= [/ S22 \/E \/5_22 ’
Sp1 Spa Spp
LSpp  +/Spp Spp
pPXp)

S11 S12
NN ol o
521 SZZ
51;1 51;2
Spov/S11 \[Spp/S22

(pxp)
S
Ryi Ry 1
(pxp)

The diagonal elements of the sample correlation matrix are

Ry =

correlation matrix are

Skk Skk

N

fork =1,2,...,p,i = k where R;; = Ry;. The off-diagonal elements of the sample

fori,k =1,2,...,p,i # k where R;;, = Ry,;.

103
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Furthermore,

p
tr(R) = k_lek=1+1+---+1=p

(number of characteristics). Because, E( R ) # p ,onecansay R isabiased
(pxp) (pxp) (pxp)

estimator for the population correlation matrix p . Finally,
(pxp)

R =D Y2. 8§ -DY2=> § =DY2. R _.DV?
(xp)  (xP)  (pxp) [®XP) (pxp)  (@xp) (pxp) (pXxp)

[3, p. 140].

4.5 Sample Mean Vector and Variance-Covariance
Matrix for Linear Combinations of Continuous Random
Variables

4.5.1 Linear Combination

Definition 4.5.1 (Linear Combination of X). Let( cl) be ap X 1 vector of constants
pX

defined as

C1
(&)

C =
(px1)

(px1)



105

and let( X1) be ap X 1 population random vector of continuous random variables
pX

X1

(rx1)

Now consider alinear combination of X ofthe form

(nxp)
X1
¢ - X =|e,c c]-X2 = X1+ X + -+ X
(1xp) (px1) L (i;p), p : 141 242 p4p
Xp
(px1)

whose unrealized quantity on the jth multivariate sample observation is

[%i1]
! ij
(1(>:< ). Xf = [C1,C2,...,Cp]' . =C1le+C2XjZ+...+CpX],p
P) (px1) (1xp) :
Jp
(px1)

forj =1.2,..,n[3,p. 140].
4.5.2 Sample Statistics for Linear Combinations

Theorem 4.5.1 (Sample Mean of a Linear Combination of X). Let random

vectors X; , X, ,.., X, constitute a multivariate random sample defined in
(px1) (px1) (px1)

Definition 4.2.2. Assume the sample mean vector X _defined in Theorem 4.4.1

(px1)
exists. Next, consider a linear combination of the form (1c’ ) X1) with jth
xp) (px
multivariate sample observation (1c’ ) - X; givenin Definition 4.5.1. Then, the
xp

(px1)
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unrealized sample mean of a linear combination of : X ) is defined by
nxp

!

c’-X=E<c -X>=c - X .
(1xp) (px1) (1xp) (px1) (1xp) (px1)

!

sample mean of

[3, p- 140].

Proof Use Definition 2.1.6, Definition 2.1.11, and Result 2.2.1. (d).

E( ¢ - X )
(1xp) (px1)

S|k

n
E c - Xj
j=1 (1xp) (px1)

| =

= ¢ X+ cd Xy ++ Xy
n\axp) (px1) Oxp) (px1) (1xp)  (px1)

1
= C’ . _< Xl + XZ + -+ Xn >l
axp) [N \(px1) (px1) (px1)
X11 X21 [Xn1
1 |X X X
= ¢ = "B+ + -+
(1xp) |n : : :
X1ip Xop | Xnp
(px1) (px1) (px1)
X1+ Xo1 + 4+ X
_ ro l X12+X22+"’+Xn2
(1xp) |n :
X1p+X2p+"’+an
(rx1)
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I
S|
M
A
Ko
N

T j
"
, ij
L. ]=1 ;.
| (px1)
_1 n
— X.
1 n
— X.
= re. . j2
(1xpy | =1
1 —n
Z X.
ndujo jp |
(px1)
_)El_l
— cI . X2|
(Ixp) | :
[ Xy
(rx1)

4

= c¢ - X =u
(1xp) (px1)
Theorem 4.5.2 (Sample Variance of a Linear Combination of X). Let random

vectors X; , X, ,..., X, constitute a multivariate random sample defined in
(px1) (px1) (px1)

Definition 4.2.2. Assume the sample variance-covariance matrix Sx defined in
(pxp)

Theorem 4.4.2 exists. Next consider a linear combination of the form (1c’ ) . X X1)
xp) (px

with jth multivariate sample observation (1c’ )’ X; given in Definition4.5.1. Then
P (px1)

the unrealized sample variance of a linear combination of : X ) is defined by
nxp
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sample variance of ¢ X —var( ¢ - X )= ¢ - S - ¢
(1><p) C(px1) (1xp) (px1) (xp) (pxp) (X1)

[3, p. 140].
Proof Use Definition 2.1.11 and Result 2.2.1. (d).

Since,

2
c - X] - c - )_(
(Ixp)  (px1) (@xp) (px1)

= ¢ (X;-X|[X;—X c
BB\ (px1) Gty ) @X0

= c¢ - X] - )_( X] - )_( - C
(1xp) (px1) (px1) (px1) (px1) (px1)

=

Var( ¢ - X )
(1xp) (px1)

n

Xp) p><1) ) o) @XD) xD)
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!

= ¢ - S - ¢
(Axp) (pxp) @x1)
Theorem 4.5.3 (Sample Covariance of Two Linear Combinations of X). Let random

vectors X; , X, ,.., X, constitute a multivariate random sample defined in
(px1) (px1) (px1)

Definition 4.2.2. Assume the sample variance-covariance matrix Sx defined in
(pxp)

Theorem 4.4.2 exists. Next consider two linear combinations of the form (1b’ ) . X X1)
X p p X

!

and ¢' - X withjth multivariate sample observations b' - X; and
(1xp) (px1) (XP) - (px1)

!

(1C ) X; , respectively, given in Definition 4.5.1. Then the unrealized sample
P (px1)

covariance of two linear combinations of : X ) is defined by
nxp

!

sample covarianceof b’ - X and ¢’ -
(1xp) (px1) (1xp) (px1)

=cov<b’-X,c’ . X)— b" - Sy - ¢
(1xp) (px1) (1xp) (px1) axp) (pxp) Px1)
[3, pp. 140-141].

Proof Use Definition 2.1.11 and Result 2.2.1. (d).

Since,

b"Xj—b”)_(’C"Xj—C,‘)_(
(1xp) (px1) (1xp) (px1) (1xp) (px1) (1xp) (px1)

_ ’ ’ ’ ’

(Ixp)  (px1) (@xp) (Px1) (Ixp)  (px1) (@xp) (px1)

(1xp) (px1) (1xp) (px1)



110
= b (X,-X)(X,—-X) - ¢
W)\ ) Gty ) XD

(1xp) (px1) (px1) (px1) (px1) (px1)

=

cov(b’ - X, c - X)
(1xp) (px1) (1xp) (px1)

( %) (% - %) e
n—l (1><p) (pxl) (X (px1) ®<V)  @xD

(1><p) n—14uj-4 (p)(l) (XD (px1) @*D (px1)

!

b’ - SX - C
axp) (pxp) (x1)

4.5.3 q Linear Combinations

Definition 4.5.2 (q Linear Combinations of X). Let random vectors X; , X, , ..., X,
(x1) (px1) (px1)

constitute a multivariate random sample defined in Definition 4.2.2. Now consider q

linear combinations of( X ) of thep population continuous random variables
nxp

X1, X2 s Xp with form:

Xy
, X
Yi=¢ - X = [cil,clz, - clp] = Cn Xy + Cip Xy + o+ Xy
(axp) @xD) (1xp)
Xp
(px1)

fori = 1,2, ...,q linear combinations
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Yi= ¢ - X =c1Xi+cX+ o+ c,X
1 (1><1p) (rx1) 1141 1242 1pap

Y= ¢ - X =cX;i+cX,++0,,X
2 (1sz) (oxD) 2141 T €24, 2p4&p

Yq = (1C><(’1p) : (p§1) = Cq1X1 + Cq2X2 + -4 quXp

[3, pp. 143-144]or in matrix notation,

— ci . X -

Y (1><,p) (p;l) C11 C12 C1p] [X;
v = || =|@d exn| | 2 G| (Xe| . X
(gx1) : : : : A (@xp) (px1)

Y C C e C X

q T q1  Cq2 ard LAp

(ax1) _(1qup) (p)>$1)_ (axp) (px1)

(ax1)

where the unrealized quantity on the jth multivariate sample observation,

j=1,2,...,n, on theith linear combination,i = 1,2, ...,q, is

le
] X]Z
Y}'i = ¢ - X] = [Cili Cio, ...,Cip] . . = Cil)(jl + CiZXjZ + -+ Cipij-
(Axp) (px1) (1xp) )
X;
(px1)

4.5.4 Sample Mean Vector for q Linear Combinations

Definition 4.5.3 (Sample Mean Vector for q Linear Combinations of X). Let random

vectors X; , X, ,.., X, constitute a multivariate random sample defined in
(px1) (px1) (px1)

Definition 4.2.2. Assume the sample mean VE'CtOI‘( )_(1) defined in Theorem 4.4.1
pX

exists. Next, consider q linear combinations of the formY; = ¢ - X X1) with jth
(1xp) (PX
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!

multivariate sample observationY;; = ¢; - X; given in Definition4.5.2. Then the
(1xp) (px1)
unrealized sample mean vector for q linear combinations of : ))5 ) is defined by
nxp

sample mean vector of Y
(gx1)

Y =E<Y)—E(C . x): c - X
(gx1) (gx1) (gxp) (px1) (gxp) (px1)
[3, p. 144].

Thus, the ith row of( Y1) has unrealized sample mean
qx

)7l-=E(Yi)=E< ¢ - X )— c!

(1><ip) . (px1) a (1><ip) . (px1)

fori=1,2,..,q.

4.5.5 Sample Variance-Covariance Matrix for q Linear

Combinations

Definition 4.5.4 (Sample Variance-Covariance Matrix for q Linear Combinations of

X). Let random vectors X, , X, ,..., X, constitute a multivariate random sample
(x1) (px1) (px1)

defined in Definition 4.2.2. Assume the sample variance-covariance matrix

Sx defined in Theorem 4.4.2 exists. Next consider q linear combinations of the
(p*p)

!

formY; = c¢; - X withjth multivariate sample observationY; = ¢, - X;

(1xp) PXD) (1xp)  (px1)
given in Definition 4.5.2. Then the unrealized sample variance-covariance matrix for

q linear combinations of : X ) is defined by
nxp
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Sy = C - S - C

(qx‘;) (gxp) (p><Xp) (pxq)
r ci . SX . Cl C:’L . SX . c2 ci . SX . cq h
(axp) (pxp) (Px1) (@1Axp) (pxp) (PX1) (1xp) (pxp) (px1)
cé . SX . Cl cé . SX . c2 cé . SX . cq

= |(xp) (pxp) (@Px1) (@Axp) (pxp) (px1) (1xp) (pxp) (px1)
C‘II . SX . cl C(,] . SX . c2 C(IZ . SX . cq
L(1xp) (@xp) (PX1) (1xp) (EXp) (Px1) (1xp) (@®Xp) (px1)d
(gxq)
[3, p- 144].

Thus, the ith row of( ‘><(1) has unrealized sample variance
q

var(f) = ¢ - Sx - ¢
(1xp) (pxp) (px1)

fori=1,2,..,q.

And, the ith row and kth row of( Y1) have unrealized sample covariance
pX

COV(Yi,Yk): Cl{ . SX - Cp = C],( . SX L o}
(1xp) (pxp) (px1) (1xp) (pxp) (px1)

fori,k =1,2,..,q.
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4.6 Standardized Random Samples

4.6.1 Standardized Univariate Random Sample

Definition 4.6.1 (Standardized Univariate Random Sample). Let random variables

Xjk forj = 1,2, ...,n constitute a univariate random sample defined in Definition

4.2.1. Assume the sample mean X, defined in Definition 4.3.1 and sample variance
Sk defined in Definition 4.3.2 exist. Then the standardized univariate random

sample is defined by
X — X
jk k
ij -
v Skk
forj =1,2,...,n. Hence Zyy,Z5y, .., Zny constitute standardized univariate random

sample of sizen.

Definition 4.6.2 (Standardized Sample Characteristic Vector). Let X, be a sample
(nx1)

characteristic vector defined in Definition 4.2.3. Assume the sample mean X,,
defined in Definition 4.3.1 and sample variance Sy, defined in Definition 4.3.2 exist.

Then the unrealized standardized sample characteristic vector is defined by

fork =1,2,...,p [3, p. 135].
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4.6.2 Standardized Multivariate Random Sample

Theorem 4.6.1 (Standardized Multivariate Random Sample). Let random vectors

Xj
X.
j
Xj =1 :
(px1)
jp
(px1)

forj = 1,2, ...,n constitute a multivariate random sample defined in Definition 4.2.2.

Assume the sample mean VECZ'OI‘( )_(1) defined in 7heorem 4.4.1 and inverse sample
pX

standard deviation matrix l?‘l/ )2 defined in Definition 4.4.1 exist. Then the
pXDp

standardized multivariate random sample is defined by

._le _ Xl_
S
11_ Zjl
y N |Re®| [
Z. =D V- X; — X |=| /<. |=]|"
(ple) (pxp) ((ple) (PX1)> S.'zz :
C ij
ij — 4p (px1)
Spp
(px1)
forj = 1,2, ...,n. Hence, random vectors 1, , 7, ,..., L, constitute a standardized

(px1) (px1) (px1)

multivariate random sample of sizen [3, p. 449].

Proof Use Definition 2.2.5.

Z; =D—1/2-<x,- — )‘()
(px1) (pxp) (px1) @D
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Xj )z1
Xj _ X
XJ‘ Xp

(px1)  (px1)

1 )?1-|

2 — Xz |
iy

(px1)
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4.6.3 Standardized Multivariate Random Sample Matrix

Definition 4.6.3 (Standardized Multivariate Random Sample Matrix). 4 standardized
multivariate random sample matrix is a matrix whose row vectors are transposed

unrealized standardized multivariate random sample observations

Z = [Z11,Z;5, . Zj]
(1%p) (1xp)

forj = 1,2, ...,n defined in Theorem4.6.1. In addition, the column vectors of the

matrix are unrealized standardized sample variables or characteristic vectors

Zik
Zyy
Z, =1
(nxkl) :
Znk
(nx1)

fork = 1,2, ..., p defined in Definition 4.6.2. Let the (j, k)th entry be a standardized

continuous random variable Zj, then then X p standardized multivariate random

sample matrix 1L = {Z;} is defined by
(nxp)

_le le oo Zlk .ee le—
ZZl ZZZ ces sz e Zzp
Z =\ : :
(nxp) Zjl ij ij ij
_an an eee an ces an_

(nxp)
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<
|
j<|
S
]
|
S|
[\S)
S
i
>
2
o
|
>
=

%’
iy
_
%’
N
N
&|
=~
=
%’
=
=

o
|
j<|
S
[\S)
[\S)
|
S|
[\S)
>
[\
ES
|
|
e

o
RN
|
>
=
N
=~

%’

—

-
[\S]
no
%)
ot
o
%]
<
=
N
N~

V11 VS22 v Skk Spp Z:'

. L Ly |
an_)_(l XnZ_YZ Xnk_)_(k an_)_(p
L VS11 VS22 v Skk Spp |

(nxp)

forj = 1,2, ...,n standardized multivariate sample observations andk = 1,2, ...,p

standardized sample characteristics [3, p. 450].
4.7 Sample Statistics for Standardized Samples

Theorem 4.7.1 (Sample Mean for Zy). LetZ;, forj = 1,2, ...,n constitute a
standardized univariate random sample defined in Definition 4.6.1. Then the

unrealized sample mean for Z,, Z,, is defined by

7 12” , 12” Xji — X, 0
k n j=1 Jk n j=1 /Skk

fork =1,2,...,p.

Proof.



[1 " I~
F DWW
Skk_nzj'=1 Jk n j=1 kl
1

[1 _ 1 -
- —|z- X - -3

VSuc
1

= X, —X;]=0m
Skk

&‘

Theorem 4.7.2 (Sample Variance for Zy). LetZj, forj = 1,2, ...,n constitute a

standardized univariate random sample defined in Definition 4.6.1. Then the

unrealized sample variance for Z, S, ., is defined by

1 n )
fork =1,2,...,p.

Sz kk

1 n — 2
= Zy —7
n-— 1Z]=1( Jk k)
- 2
()
n—1~4uj= Skk

Ly ()
n—14aj= Skk

119
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1 1 n —\2
=5 l" — 1Zj=1(xjk —Xy) l

:_'Skk:]'.
Skk

X..
Theorem 4.7.3 (Sample Covariance for Z; and Z). Let Z; = [Xﬂ] forj=1,2,..,n
jik

(2x1) (2%1)

constitute a two-dimensional characteristic subset of the standardized
multivariance random sample defined in Theorem 4.6.1. Assume the sample means
Z;,Z\ defined in Theorem 4.7.1 and sample variancesS, ;;, S, v defined in Theorem

4.7.2 exist. Then the unrealized sample covariance for Z; and Zy, S, ., is defined by

S == G- BT T =Y (inji)()({k/_jk) !
zik = 7 i1 ji i)\ 4jk k)= j=1 \/S_u Stk — ik

fori,k =1,2,..,p.

Proof.

Sz,ik

1
n—1

<20 ) )
Tn-14pa\ 5, S

1 Zn (Xﬁ—;?,.) <xjk—7<k)
n—14aj=1\ sy J\ S

Z;(Zﬁ —Zi)(Zjk — Z)
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) \/S_T/S_kk ' [n i 1 zj=1(in ~ X)X = %)

1 Sik

Note S, ix = Sz ki,and wheni =k, S,y = Ry = 1.

Rik ||

4.8 Sample Mean Vector and Variance-Covariance

Matrix for Standardized Samples

4.8.1 Sample Mean Vector for Standardized Samples

Theorem 4.8.1 (Sample Mean Vector for Z). Let Z, , Z, , ..., Z, constitute a
(x1) (px1) (px1)

standardized multivariate random sample defined in Theorem 4.6.1. Then thep X 1

unrealized sample mean vector for X Z )1'5 defined by
nxp

Z 0
- 1on 1 7
Z =_Z Z, =—- 7' - 1 = Z.Z = 0 =0
(X1 Nildj=1pxgy N X)) (nx1) E : (px1)
Zy 0

(px1) (rx1)

3, p. 450].
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Proof Use Definition 2.1.4, Definition 2.2.2, Definition 2.2.3, and Theorem 4.7.1.

Z
(px1)
1 n
N-j=1 (px1)

1

n\(px1) (px1) (px1)
le Z21 an
1112 7 Z
= _ :12 + :22 4ot ?2
n . . .
Zipl  1Zzp Znp
(px1) (px1) (px1)

_le + Z21 + + an

_ 1 le +Zzz + "'+Zn2
_le + Zzp + -+ an
(px1)
n
Zj

I
ol
S F
0
N
N

(px1)
_1 n
Z 7.
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Z: 1 0

: : (px1)
Z, 0
@x1) @D

In terms of matrix operations Z can be obtained by
X

(px1)
_ 1
Z =—-17" .
(rx1) n (pxn) (nx1)
le Z21 an 11
:1 Zig Ly v Iy . 1,
nl : : : :
le ZZp an 1n
(pxn) (nx1)
_le + 221 + cee + an
_ U Zig+Zop + o+ Znp
= :
_le + Zzp + -+ an
(rx1)
n 1 n
Z - Z
zjzl 1 n j=1 1
n 1 n
_) Zp| - Zj>
n ]=.1 ]._1
n' 1
z —Z Z
Z}:l P _Tl j:l Jp
(px1) (px1)
Z_1 0
%=1 = o
: : (rx1)
Zp 0
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4.8.2 Sample Variance-Covariance Matrix for Standardized

Samples

Theorem 4.8.2 (Sample Variance-Covariance Matrix for Z). Let Z, , Z, , ..., Z,
(px1) (px1) (px1)

constitute a standardized multivariate random sample defined in Theorem 4.6.1.

Assume the sample mean VECZ'OI'( Z D defined in Theorem 4.8.1 exists.
pX

Then thep X p symmetric unrealized sample variance-covariance matrix for ( Z )1’5
nxp

defined by

(po) n—1 j=1 (p><1) p><1) x1) @D

1 1A
= . ( 7Z —— 1 1’ Z ) . ( Z7 ——- 1 1’ Z )
n—1 \(nxp) n (n><1) (1><n) (nxp) (nxp) n (n><1) (1xn) (nxp)

1 -\ _
-(Z -1 -Z’)-(Z -1 ‘Z’)z -7 -7 = R
n—1 \(nxp) (nx1) (1xp) (nxp) (nx1) (1xp) n—1 (pxn) (xp) (pxp)

[3, p- 450].
Proof Use Definition 2.1.4, Definition 2.2.2, Definition 2.2.3, Theorem 4.6.1,

Theorem 4.7.2, and Theorem 4.7.3.

(p><17) 1 j=1 (pxl) (PXl) (px1) (px1)
” 1 j=1 (le) (PXl) (px1) (px1)

-1 }1(p><1) (1><}p) n-—1 11 : (1xp) P

(P><1)
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S
Kol

J

1 Zn ij; X [le X Xp—X, Xp—Xp
= S ) ) )
L |22 Vi1 VS22 ' Spp
o (1xp)
Xip — Xp
Spp
(rx1)
= \2 — — — - -
Pa(X - %) j=1(Xj — X)Xz — X2) 2i=1(X — X)X — Xp)
vV 511\/ 511 v 511\/ 522 vV 511\/ Spp
n—1 n—1 n— 1 B
Z;’l:l(XjZ - X2)(Xj1 — X1) 7:1(ij — X,)? ;'1=1(X]'2 — X2)Xjp — Xp)
= Y, 522\/ Si1 vV 522\/ S22 V 522\/51017
n—1 n—1 n—1
T — %)X — %) Eia (X — K (X — X2) S X — X,)°
\/Spp\/ S11 \/Spm/ S22 Spp+/ Spp
n—1 n—1 n—1
(pxp)
[((n—-1DS;, (—-1)S, (n—=1DS1p]
VS SiuSe VSu/Sp
n—1 n—1 n—1
m—1)S,, (m—1)S,, (n—1)Sy
=+ 522\/ 511 Y, 522\/ 522 v 522 Spp
n—1 n—1 n—1
(n—-1)S,; (m—1)5,, (n—1)S,,
Smm/‘E \/szzi\/Lg \/Sppv Spp
n—1 n—1 n—1 -
(pxp)

n

n
1 _ _ _ _
{Sik = mz(le _Xl)(X]k _Xk) = (n - 1)Sik = Z(X]" - Xl.)(X]k _Xk) fOr l,k = 1,2, ,p}
n =

j=1



[ Suia Si2 Sip ]
VS1/Sit - S11y/S22 VS11/Sop
Sa1 S22 Sap
=|VS22fSuu VSvS:2 VSafS
Sp Se S,
L/Spp/S11 vspp(\/S_Z)z Spp
pXp
[ 1 R12 A Rlp
R 1 Rap
[Rp1 Ry 1
= R
(pxp)

In terms of matrix operations Sy
(pxp)

!

Sz =—-( Z 1 Z
(pxD) n—1 \(nxp) n (n><1) (1><n) (nxp)

where
1
Z.1 -1 .
n (mx1) (1xn) (mxp)
le ZlZ
Z Z
11, 12, ey ] ° :21 :22
(1xn) . .
an Zn2
(nxl) (nxp)
_11_
12 ZTL Zn ZTL
= - Z; )] Z; )] )
n [ jer T e
1, ] (1xp)
(nx1)
_11_

R ) can be obtained by

1
n (nxl) (1xn) (n><p)

1]
5
S|
Ng
<
L
o
el
Nl
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1,7 .
; Z — Z — Z
('m?l‘) (1xp)

1,7

1 _ _
221 22 .. 2,
: (1xp)
1,,] g
(nx1)

=1 -7

(nx1) (1xp)
[Zy Z; Z
Zl ZZ P
7, 7, Z,
(nxp)
[0 0 0
0.0 0_
: : : (nxp)
0 0 -~ 0
(nxp)
1 !
( Z —— 1 ! Z ) ( Z
n—1 \(nxp) n (n><1) (1><n) (nxp) (nxp)
1 _ !
-(z _ 1-z’)-(z _
n—1 \(xp) (nx1) (@axp) (nxp)
1 1
(2-2) (2-2)
n—1 \(xp) (nxp) (nxp)  (nxp)
1
L
n—1 (pxn) (nxp)
Zu Zz1 an le Z12
1 _ZIZ Zzz an Zz1 Zzz
n—1|: P : :
Zip Zap v ZnpllZpy Zny
(pxn) (nxp)

!

1
n (n><1) (1xn) (n><p)

1. z')
(nx1) (1xp)

Z,)

127



X1—X1 Xon— X Xp1 = X1 |[X11 — X1 X2 — X, Xip—Xp
V'sll Sll Vsll Vsll VSZZ vV SPP
1 X12 - XZ X22 — A2 Xn2 - XZ X21 - x_l X22 LY XZp —4p
= n—1| VS22 VS22 VS22 V11 VS22 VSpp
le_Xp X2p - Xp an - _p an - Xl an - _2 an - _p
Spp Spp Spp Il /S11 S22 Spp
(pxn) (nxp)

7}TL=1(X}'1 B Xl)z
vV S114/511
n—1 _
2i=1 Xz — X)) (X1 — Xy)

YK — X)X, — X))

;‘l:l(le - Xl)(ij - Xp)_

V1152

V/S11y/Sp

n—1
27:1(}(1'2 _Xz)z

= VS224/511

VS224/S22

n—1

S (X — X)) (K — K

21Xy

n—1

— X)X - %)

N

Soo/S22

n—1

(pxp)

n-1 _
?:1(X]'2 - XZ)(ij - Xp)

V' 522+/Spp

n—1

Z;'l =1(X1'p

Spp

— XP)Z

517 14

n—1
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{Sik = ﬁ 1]"1=1(in - Xl)()(]k - Xk) = (n - 1)Sik = Z;’lzl()(ji - Xl)()(]k - Xk) for i,k = 1,2, ...,p}

[((n—1DS;, (-1, (n—=1DS1p]
VSuv/Sii Su/Sz2 VS11/Spp
n—1 n—1 n—1
n—1S,; (—1)S,, (n—1)S;,
— | Sa2fS11 Sazn/Saz VS224/Som
n — 1 n — 1 n — 1
(n-1S,  (n—1)Sy, (n—1S,,
\/SPP\/‘E \/SZJP\/:g \/Spp\/ Spp
L n-1 n—1 n—1

(pxp)




[ Suia Si2 Slp
VS1/Sit - S11y/S22 VS11/Sop
S21 S22 SZP
=|VS22fSuu VSvS:2 VSafS
Sp1 Sp2 Spp
_\/Spp\/g \/Spp(\/S_Z)Z Spp/ Spp
pPXp
[ 1 R12 Rlp
Ry Ry 1
(rxp)
= R m
(pxp)

Thus, the sample variance-covariance matrix Sz derived from matrix
(pxp)

is equivalent to the sample correlation matrix R |, derived from X . Thatis,

(®*p) (nxp)
Sz = R .Thediagonal elements of S; = R are the sample variances
(xp)  ®XDP) (xp)  (®*DP)
Skk Skk

:Rkk:1

Szkk = T—r—=%
VSkien/Skie Sk
fork =1,2,..,p,i = k where S, ;; =S, . The off-diagonal elements of

Sz
(pxp)

R are the sample covariances
(pxp)

Sik

fori,k =1,2,..,p,i # k where S, ;; = S, ;-

Szik = Ry

129
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Furthermore,

p p
tr(R) = k_lek = tr(SZ) = Zk_lsz'kk =14+14+--4+1= P

(total standardized sample variance).

4.9 Sample Mean Vector and Variance-Covariance
Matrix for Linear Combinations of Standardized
Samples

4.9.1 Linear Combination of Standardized Samples
Definition 4.9.1 (Linear Combination of Z). Let( 51) be ap X 1 vector of constants
P

defined as

1
(&)
c =1|.
(px1)
Cp
(px1)

and Iet( Z1) be ap X 1 population random vector of standardized continuous
pX

random variables

Zy

Z

7 =|"%
(px1) :
ZP

(px1)
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Now consider alinear combination of Z with form

(nxp)
A
¢ - Z =[cc c]-ZZ =cZi+cZ,++c,Z
(1xp) (px1) b é;;;’ p : 141 T t242 p%p
Zp
(px1)

whose unrealized quantity on the jth standardized multivariate sample observation

is

[4i1]
! Z]Z
(1(>:< ) ) ZJ = [Cll Cy, ---:Cp] : . = C1Zj1 + CZZjZ + -+ Cijp
P) (px1) (1xp) :
jp
(px1)

forj=1,2,..,n

4.9.2 Sample Statistics for Linear Combinations of

Standardized Samples

Definition 4.9.2 (Sample Mean for a Linear Combination of Z). Let Z, , Z, , ..., Z,
(x1) (px1) (px1)

constitute a standardized multivariate random sample defined in Theorem 4.6.1.

Assume the sample mean VE'CTOI‘( 21) defined in Theorem 4.8.1 exists. Next,
P

consider a linear combination of the form (1c’ ) §1) with jth standardized
xp) (p

multivariate sample observation (lc’ . Z; givenin Definition4.9.1. Then the
Pl (px1)

unrealized sample mean for a linear combination of : Z ) is defined by
nxp
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sample meanof ¢ - 1Z =E( (Y / )= ¢ - Z =0
(1xp) (px1) (1xp) (px1) (1xp) (px1)

Definition 4.9.3 (Sample Variance for a Linear Combination of Z). Let

Z,,Z,,.., 17, constitute astandardized multivariate random sample defined in
(px1) (px1) (px1)

Theorem 4.6.1. Assume the sample variance-covariance matrix S; = X R )a’eﬁ'ned
(pxp)  PXP

in Theorem 4.8.2 exists. Next, consider a linear combination of the form (1c’ ) e
Xp pX

with jth standardized multivariate sample observation (1c’ )’ Z; givenin
*P) (px1)

Definition 4.9.1. Then the unrealized sample variance for a linear combination of

Z isdefined by

(nxp)

sample variance of ¢’ -
(1xp) (px1)

!

¢ - R - c.
(1xp) (pxp) (px1)

=var( c - Z>= ¢ - S - ¢
(1xp) (px1) (xp) (pxp) (@x1)
Definition 4.9.4 (Sample Covariance for Two Linear Combinations of Z). Let

Z,, 17, ,.., 1, constitute a standardized multivariate random sample defined in
(px1) (px1) (px1)

Theorem 4.6.1. Assume the sample variance-covariance matrix S; = X 5 )a’eﬁned
(pxp)  PXP

in Theorem 4.8.2 exists. Next, consider two linear combinations of the form

"« Z and c Z withjth standardized multivariate sample observations
(1xp) (px1) (1xp) (px1)

b’ - Z; and ¢ - 1Z; , respectively, given in
(1xp) (pXJl) (1xp) (p><]1) P V&
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Definition 4.9.1. Then the unrealized sample covariance for two linear combinations
of Z isdefined by
(nxp)

!

sample covarianceof b" - Z and ¢ - Z
(1xp) (px1) (1xp) (px1)
cov(b’-Z,c’-Z)

(1xp) (px1) (1xp) (px1)

!

= . SZ - € = CI . SZ - b
(xp) (pxp) (@x1)  (Axp) (pxp) @®x1)

! !

= : - ¢c . =c¢ - R - b.
(1xp) (pxp) (px1)  (@Axp) (pxp) (px1)
4.9.3 q Linear Combinations of Standardized Samples

Definition 4.9.5 (q Linear Combinations of Z). Let Z, , Z, ,..., Z, constitute a
(px1) (px1) (px1)

standardized multivariate random sample defined in Theorem 4.6.1. Now consider

q linear combinations of Z ofthe form:

(nxp)
A
’ ZZ
Yi = (1ci ) . (p%l) = [Cil'CiZ' ...,Cl'p] . = cilZl + cizZz + -+ Cipr
Xp 1
(1xp) Z,
(px1)

fori = 1,2, ...,q linear combinations
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Y= ¢ - Z =ci1Z;y+C1,Z,+ +Cc1,Z
1 (1><1p) (px1) 1141 1242 1p4p

Y= ¢, - Z =cy1Zi+CrZy+ -+ Cr,Z
2 (1sz) (oe1) 2141 T C24> 2pp

Yq = (1C><(’1p) . (p%l) = Cq1Z1 + quZz + -4 quZp

or In matrix notation,

— li -

Cl * Z
Yl (1X,p) (p)(l) Cll C12 e Clp Z1
L lﬁ‘ N P ) T T T | L P
(gx1) : : : : N : (@xp) (px1)
Y c - 7 Cq1 Cqz * CqpllZp
(gx1) _(1qu) (px1) | (axp) (px1)
(ax1)

where the unrealized quantity on the jth standardized multivariate sample

observation, j = 1,2, ...,n, andith linear combination,i = 1,2, ...,q, is

Z

j1
, Zj
Yi= ¢ - Z; = [Ci1» Ci2) ---:Cip] | = i t i+t Ciplip.
(1xp) (px1) (1xp) )
Zj
(px1)

4.9.4 Sample Mean Vector for q Linear Combinations of

Standardized Samples

Definition 4.9.6 (Sample Mean Vector for q Linear Combinations of Z). Let

Z,, Z,,.., 17, constitute a standardized multivariate random sample defined in
(px1) (px1) (px1)

Theorem 4.6.1. Assume the sample mean vector 7 = 0 _defined
(px1)  (px1)
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in Theorem 4.8.1 exists. Next, consider q linear combinations of 7 ofthe form

(nxp)
Y, = ¢, - Z withjth standardized multivariate sample observation
(1xp) ®xD
Yy = «¢; - Z; givenin Definition4.9.5. Then the unrealized sample mean vector

(1xp) (px1)

for q linear combinations of ( Z )1'5 defined by
nxp

sample mean vector of Y
(ax1)

v =E(Y)—E(c - z)_ C -7 = 0.
(gx1) (gx1) (gxp) (px1) (gxp) (px1)  (qx1)

Thus, the ith row of( Y1) has unrealized sample mean
qx

i=E(Yi)=E<c' Z)— c; Z =0

iy @D () BXD

fori =12, ..,q.

4.9.5 Sample Variance-Covariance Matrix for q Linear

Combinations of Standardized Samples

Definition 4.9.7 (Sample Variance-Covariance Matrix for q Linear Combinations of

Z).Llet 1, , 71, ,.., 1, constitute astandardized multivariate random sample
(px1) (px1) (px1)

defined in Theorem 4.6.1. Assume the sample variance-covariance matrix

S; = : l)} )deﬁned in Theorem 4.8.2 exists. Next, consider q linear combinations of
(pxp)  (PXP

Z oftheformY; = c¢; - 1 _withjth standardized multivariate sample

(nxp) (1xp) (PX1)
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observationY; = c¢; - 1; givenin Definition4.9.5. Then the unrealized
(1xp) (px1)

symmetric standardized sample variance-covariance matrix for q linear

combinations of Z s defined by

(nxp)
SY = C . SZ . !
(gxq) @xp) (pxp) @®*a)
r ci . SZ . Cl Ci . SZ . c2 ci . SZ . Cq h
(1xp) (pxp) (Px1) (@1Axp) (@Pxp) (Px1) (1xp) (pxp) (px1)
Cé . SZ . Cl cé . SZ . c2 Cé . SZ . Cq
= ((xp) (pxp) (@Px1) (@Axp) (@Exp) (Px1) (1xp) (pxp) (px1)
g - Sz - ¢ Cg Sz - ¢ ¢ Sz ¢
L(1xp) (@xp) (PX1) (1xp) (@Xp) (Px1) (1xp) (@%p) (px1)d
(axq)
= C - R - C(C
(gxp) (pxp) (pxq)
¢ - R - ¢ ¢g - R ¢ = ¢ - R - ¢y
(1xp) ®XP) (px1) (1xp) PXP) (px1) (1xp) @XP) (px1)
¢; - R - ¢ c; - R ¢ = ¢ - R g
=|axp) @®*P) (px1) @axp) @EXP) (px1) (1xp) PXP)  (px1)
c, - R - ¢ ¢, - R -¢c, - ¢ - R -c
Lxp) PXP) (x1)  (1x9) @XP) (px1) (1x) @XP) ()]
(qxq)

Thus, the ith row of( ]X(l) has unrealized sample variance
q

var(Y)= ¢ - S - ¢ = ¢ - o
(1xp) (xp) (px1)  (1xp) ®*P) (px1)

fori =1,2,..,q.

136
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And, the ith row and kth row of( Y1) has unrealized sample covariance
qx

cov(¥;, Yy)

= ¢ Sz ¢ =¢ S ¢
(1xp) (pxp) (px1) (@(Axp) (@Exp) (Px1)

=c¢ - R ¢ =¢ - R - ¢
(axp) @xP) (px1) (xp) ®*P) (px1)

fori,k=1,2,..,q.
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Chapter 5
Principal Components Analysis

5.1 Introduction

A principal components analysis is concerned with explaining the variance-
covariance (or correlation) structure of a set of variables through a few linear
combinations of these variables. Its general objectives are (1) data reduction and

(2) interpretation [3, p. 430].
5.2 Population Principal Components

Algebraically, population principal components are particular linear combinations
of the p population continuous random variables X;, X,, ..., X,,. Geometrically, these
linear combinations represent the selection of a new coordinate system obtained by
rotating the original system with X, X,, ..., Xpas the coordinate axes. The new axes
represent the directions with maximum variability and provide a simpler and more
parsimonious description of the covariance (or correlation) structure.

As we shall see, principal components depend solely on the covariance

matrix Yy orthe correlation matrix )z = p .Their development does not
(pxp) (@xp)  (pxp)

require a multivariate normal assumption. On the other hand, principal
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components derived for multivariate normal populations have useful
interpretations in terms of the constant density ellipsoids. Further, inferences can
be made from the sample components when the population is multivariate normal
[3, pp- 430-431].

Let

X1

X = X.2
(rx1)

Xp

(rx1)

be a population random vector for continuous random variables defined in

Definition 3.2.1. Assume the corresponding population variance-covariance matrix

011 012 = O1p
021 Oz2 ** Oyp
Zx = . . . .
(rxp)
Op1 Op2 ** Opp
(pxp)

defined in Theorem 3.2.1 is positive definite with eigenvalue and normalized-

eigenvector pairs

</11, (N >,</12, e, ></11 e; ),...,(Ap, e, )
(px1) (px1) (px1) (px1)

where 1; > 4, > -+ > 4, > 0. That is, the A;'s are positive and distinct. One should
be aware that a population variance-covariance matrix is in general positive semi-
definite [6, p. 200]. But some books still assume positive definite population
variance-covariance matrix in their treatment of PCA [6, p. 206]. The purpose of the
assumption here is due to the fact that the proof for Theorem 5.2.1 (ith Population

Principal Component) uses Theorem 2.2.1 (Maximization of Quadratic Forms for
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Points on the Unit Sphere) where B = Yy is positive definite. To clarify, we
®*xp)  (pxp)

assume A; > 0,i = 1,...,pbased on Yx being positive definite. However, the
(pxp)

assumption of the 4;'s being distinct ensures the e;’s are mutually orthogonal. In
general, the 4;'s can be repeated but then the associated eigenvectors need to be
chosen to be orthogonal [3, p. 432].

Therefore, for the remainder of the paper we will assume all populations
variance-covariance and correlation matrices will be positive definite and the 4;’s
are positive and distinct, including for the sample cases. It is our belief that these
assumptions do not detract from the general concept of principal components
analysis and are also seen quite often in applications. Our rationalization comes
from the fact that, the variance-covariance matrix of a multivariate probability
distribution is positive definite unless one variable is an exactlinear function of the
others [7].

Moving on, let the orthogonal matrix with columns being the normalized

eigenvectors be

€11 €12 €1p
€21 €22 "t €yp . L.
=1 : : | = € 1 € 1 €y
(rxp) (px1) (px1) (px1)
€p1 €p2 "t Epp (rxp)
(pxp)

given in Definition 2.2.18. From Definition 3.3.2 consider g = p linear combinations,
Y;, of the p population continuous random variables Xy, X, ..., X,, with arbitrary

coefficients:



141

Yi= ¢ - X =c1Xi+cX+ o+ c,X
1 (1><1p) (rx1) 1141 1242 1pap

Y= ¢ - X =cX;i+cX,++0,,X
2 (1sz) (oxD) 2141 T €24, 2p4&p

Y = C, X = Cp1X1 + Cp2X2 + -+ CPPXP

(hp) XV

or in matrix notation,

— ci . X -

Y (1X,p) (px1) €11 €12 Cip][Xy

Y= lﬁ‘ |y k|| 2 enl K| oy

(px1) : : : : ’ : (pxp) (px1)
Y c Cp1 Cp2 *+ CppllXp

(1) ' (p)>$1)_ (pxp) (px1)

(px1)

(rx1)

Using Theorem 3.3.5, we obtain

Var(Yl-)=Var< ¢ - X >= C " Xx © G
(1xp) @XD/)  (1xp) (pxp) (px1)

fori =1,2,...,pand

Cov(Y-,Y)=Cov< c. - X,¢c - X >= ¢ - Yx - ¢
bk (ip) XD (1) XD (1dp) (i) (ox1)

fori,k=1,2,...,p,i # k.
The population principal components are those uncorrelated linear combinations

Y1, Y,, ..., Y, whose population variances are as large as possible [3, p. 431].
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The first population principal component is the linear combination with

maximum variance among all linear combinations. That is, it maximizes

!

Var(Y;) = Var( ¢ - X )= c; - Yx © ¢ .ltisclearthatVar(Y;) canbe
(xp) @D/ (xp) @xp) @x1)

increased by multiplying any c¢; by some constant. To eliminate this
(px1)

indeterminacy, it is convenient to restrict attention to coefficient vectors of unit
length. We therefore define

First population ) o , o
. = linear combinationY; = ¢; - X that maximizes
principal component (1xp) (@x1)

Var( ¢ - X )subjectto ¢ - ¢ =1
(1xp) PxD (1xp) (px1)

Second population . o , o
L = linear combinationY, = ¢; - X that maximizes
principal component (1xp) ®x1)

Var( c, - X )sub]’ectto c, - ¢, =1and
(1xp) ®xD (1xp) (Px1)

Covl ¢ - X, ¢c; - X |=0
(1xp) ®X1) (1xp) XD
And the ith step,

ith population )

= linear combination ¥; = ¢; - X that maximizes

principal component (1sz) (px1)

Var( ¢ - X >subjectto ¢ - ¢ =1land
(1xp) (PxD) (1xp) (Px1)

Cov( ¢ - X,¢ - X >=O for k<i
(1xp) @X1) (1xp) ®*1)

[3, p. 431].
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Theorem 5.2.1 (ith Population Principal Component). Let( X1) be a population
pX

random vector for continuous random variables defined in Definition 3.2.1 with

associated positive-definite variance-covariance matrix Yx defined in Theorem
(»xp)

3.2.1. Let Yx have eigenvalue and normalized-eigenvector pairs </1i, e; )
(rxp) (px1)

i =12,..,p where Ay > 2, > -+ > A, > 0. Then the unrealized ith population

principal component is given by

Xy
/ XZ
Yi = ei : X = [eli, ezi, ey epl'] : = elixl + ezin + -+ epiXp
(1xp) @D (1xp)
Xp
(px1)

fori = 1,2, ...,p, with unrealized population variance and covariance

Var(Y)) = e; - Yx - € =X
(1xp) (pxp) (px1)

fori =1,2,...,p and

Cov(V, Vi) = € - Yx - e =0
(1xp) (pxp) (px1)

fori,k =1,2,...,p,i # k [3, p. 432].



Proof
Using Definition 2.2.18, Theorem 3.3.5
Var(Y) = e; - ¥x - e

(1xp) (pxp) (px1)

= e '<Zx : ei)
(1xp) \(pxp) (px1)

= e; . <Ai‘ei>
(1xp) \ (px1)

!

=Ai' ei €
(1xp) (px1)

= /11' -1 = /1i,l. = 1,2,...,p
Similarly,

Cov(Y, Vi) = e - ¥x - e
(1xp) (pxp) (px1)

= e < XX € >
(1xp) \(pxp) (px1)

= e - <Ak ' ek)
(1xp) (px1)

:/1](' e; - €k
(1xp) (px1)

=2,-0=0ik=12..,p,i%k.

144



145

Next, we know from the first part of Theorem 2.2.1, with B = )y , that
®*xp)  (pxp)

S 2K oSy

Xp pX

max (xP) =1 (attainedwhen c_ = e1>
(px1)

= 0 ¢ - c x1
®xD@X)  (1xp)  (px1) P

By Definition 2.2.18 e; - e; = 1 since the eigenvectors are normalized. Thus,
(1xp) (px1)

(1(>:<Ip) S Yy - (p§1) (1e’1 ) C Yy - (ell)
X X X X
max_ c,(p p)c =1 = pe,(p p)e px1) _ e, - Yy - e =Var(ty)
cC * . .
®x1) XD  (1xp) (px1) (lxp) (p><11) (1xp) (pxp) (px1)

Similarly, using the second part of Theorem 2.2.1 we get

!
c - Xx - C
(1xp) X (px1)
max ,(p P) = Ak, k=12,.,p—-1
c L e , e ,. e c - C
(X1 (px1) (px1)  (px1) (1xp) (px1)

For the choice ¢ = e, ., withe,, ;- € =0,
Px1)  (px1) (px1) (px1)

fori=12,..,kandk =12,..,p—1,

k1 XX €k41
(1xp) (xp) (px1) _ el
- XX

“€ryy = Var(Ypy,) m

€1 " €kl (1><p) (pxp) (px1)
(1xp) (px1)

From above, the principal components are uncorrelated and have variances equal to

the eigenvalues of Yx [3, p.432].
(pxp)
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Thus, the population principal components, Y;, are given by

Y,= e, - X =e;X;+eq X, ++e, X
1 (1><1p) (oxD) 1141 2142 p14p

Y,= e, - X =e ,X;t+tenX,+ +e,X
2 (1><2p) (rx1) 1241 2242 p24p

Y,=4¢e, - X =e X;+e X, ++e,,X
p (1><I;) (rx1) 1p41 2pA2 ppAp

or in matrix notation,

- !

1 |
Y (1><,p) (px1) €11 €21 " Ep1][X;
S 21 IO e S0 I e 1 | 2. B
(px1) : : : oo : (pxp) (px1)
Y, e e e X
p ro 1p  €2p ppd L4p
(px1) _(f;pp) (p)>$1)_ (pxp) (px1)
(px1)

Theorem 5.2.2 (Total Population Variance). Let( X1) be a population random vector
pX

for continuous random variables defined in Definition 3.2.1 with associated

positive-definite variance-covariance matrix Y.x defined in Theorem 3.2.1. Let
(pxp)

Y'x have eigenvalue and normalized-eigenvector pairs </1i, e; ) i=12,..,p
(pxp) (px1)

wheredl; > A1, >-->1,>0.LetY;= e, - X Y, = e, - X ,...Y, = e
to P Yy x0T @y xR P

X ))51) be the population principal components. Then the total population variance
P

p p
Gis + g + et Oy = Zaﬁ Sy PP S ZVar(m.
i=1

i=1
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Proof,

From Definition 2.2.14,

p

tr(Xx) = z Oii = 011 + O3 + -+ + Opyp.
i=1

Using a direct result of Result 2.2.8 with A = }Yx , we can write
PXp)  (pxp)

4

= E - A -
(p%;) (pxp) (pxp) (PXDP)

where A is the diagonal matrix of eigenvalues and E _is the orthogonal matrix
(pxp) (pxp)

with columns being the normalized eigenvectors.

Using Result 2.2.6 (b) and orthogonality of( E y we have
PXp

tr(¥x) =tr(E-A-E)=tr(A-E - E)=tr(A-D=tr(A) =, + A, + -+ 4,

Thus,
p P

D o = tr(Sx) = tr(A) = ) Var(;) m

i=1 i=1
Hence,

Total population variance = gy; + 035 + - + 0y
=+ + -+ 4,

Consequently,

Proportion of total

population variance | A
due to ith population | = A, + 4, + -+ 4,
principal component




148

and

variance due to the first k population | = i= k<p.
principal components M+ ++ 2,

< Proportion of total population ) )
i=174
If most (for instance, 80 to 90%) of the total population variance, for large p,
can be attributed to the first one, two, or three components, then these components
can "replace” the original p variables without much loss of information.
Each component of the coefficient vector e; = [ey;, ez, ..., €k, -.., €p;] also

merits inspection. The magnitude of e;; measures the importance of the kth variable

to the ith principal component, irrespective of the other variables [3, pp. 432-433].
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5.3 Population Principal Components for Standardized

Continuous Random Variables

The population principal components derived from a standardized population

random vector for continuous random Variables( Z1) may be obtained from the
pX

normalized eigenvectors of the correlation matrix ); = p .All our previous
(xp)  (PXxD)

results apply, with some simplifications, since the variance of each Z; is unity. We

shall continue to use the notation Y; to refer to the ith population principal

component and </1i, e; > for the eigenvalue and normalized-eigenvector pair from
(px1)

either )z = p or )x . However, the </1i, e; )derived from )x are,in
(xp)  (@xp) (PXP) (px1) (pxp)

general, not the same as the ones derived from ); = p [3,p.437].
(»xp)  (@Xp)

Theorem 5.3.1 (ith Population Principal Component of Z). Let( Z1) be a
pX

standardized population random vector for continuous random variables defined in
Detinition 3.4.1. with associated positive-definite variance-covariance matrix

Yz = p definedin Theorem 3.4.4. Let Y, = p have eigenvalue and
(®xp)  (pXp) (»xp)  (PXP)

normalized-eigenvector pairs <)li, e; >,i =12,..,p whered; > A, > - > 1, > 0.
(px1)
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Then the unrealized ith population principal component of( Z1) is given by
pX
-1
Y= e - Z = e (VY2 -(x —ux>
T @D (xp) ((po)) @x1)  (px1)

= e’. .V—l/Z_ X -—
(1xp) @®xp)  \(xD) (,553‘1)

A
Zy
= [eli, ezi, ...,epl'] . : == elizl + ezl'Zz + e + epin
(1xp) ,
ZP

(px1)
fori = 1,2, ...,p with unrealized population variance and covariance,
Var(Y))= e} - Yz - e, = e - p - e =1

(1xp) (xp) (x1)  (xp) (xp) (x1)

fori=1,2,..,p and

Cov(VVi)= e - Yz - e = e - p - e =0
(1xp) (pxp) (@Px1) (Axp) ((@Exp) ((Ex1)

fori,k =1,2,...,p,i # k [3, p. 437].
Proof.

Follows from Theorem 5.2.1 with Z;, Z,, vy Zpin place of X;, X5, o Xp and

z = p inplaceof dx =
(pxp)  (pxp) (rxp)
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Thus, the population principal components of( Z1)’ Y;, are given by
pX

Y,=¢e - Z =eZ,+e,Z,++e,Z
1 (1><1p) (o=1) 1141 2142 p1lyp

Y,=e, - Z =e,Z+e,,Z,+ +e,Z
2 (1><2p) (px1) 1241 2242 p24p

Y.=¢e, - Z =e,Z,+e,,Z,++e,Z
p (1><I;o) (px1) 1p41 2p42 ppp

or in matrix notation,

— li -

Y; (axp) XD €11 €21 U ep1[Z;
Y= 14 B PRt ) B 8?2‘ lZ.Z
(px1) : . : : - : :
Y, - e, € epnl |2
14 . p p pp 14
¥x) [P wen)] (oxp) (px1)
(px1)

- EF .- 7 = E -(V¥Y2) . X — puy
(xp) (XD @xP) ~ (pxp) (X1 (px1)

= E' .v12.| x —

(pxp)  (pxp) ((pxl) (#3(1))

Theorem 5.3.2 (Total Standardized Population Variance). Let( Z1) be a standardized
pX

population random vector for continuous random variables defined in Definition
3.4.1. with associated positive-definite standardized variance-covariance matrix

Yz = p definedin Theorem 3.4.4. Let Y, = p have eigenvalue and
(®xp)  (pXp) (»xp)  (PXP)

normalized-eigenvector pairs <)li, e; >,i =12,..,p whered; > A, > - > 1, > 0.
(px1)
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LetY, = e - Z ,Y,= e, - Z ,...Y,= e, - Z bethepopulation principal
T @0 @y X X op prmer

componentsof 71 .
(px1)

Then the total standardized population variance

p P
; Var(Z;) = ; Var(Y;) = p.

Proof.
Follows from Theorem 5.2.2 with Z;, Z,, ey Zp in place of X3, X,, vy Xp and

z = p inplaceof Yx m
(pxp)  (pXxp) (pxp)

Hence,
Total standardized population variance =1+ 1+ -+ 1
=P
=Ml +A+ -+ 4,
Consequently,

Proportion of total
standardized population variance yl
due to ith population principal |~

component of Z
(px1)

and

Proportion of total standardized K
population variance due to the first k - iﬁl k<p

population principal components of Z p
(»x1)

3, p. 437].
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5.4 Sample Principal Components

Theorem 5.4.1 (ith Sample Principal Component). Let random vectors

X; , X, ,.., X,, constitute a multivariate random sample defined in Definition
(px1) (px1) (px1)

4.2.2 with associated positive-definite sample variance-covariance matrix Sx
(pxp)

defined in Theorem 4.4.2. Let Sx have sample eigenvalue and normalized-
(pxp)

eigenvector pairs </fl-, €; >,i =12, ..,p Whereil > /iz > > /Tp > 0. Then the
(px1)

unrealized ith sample principal component is of the form

X4
s nr o . X, . . R
Yi = ei - X = [eli, €2y wee) epi] . . = elin + eziXZ + -+ epiXp
(1xp) XD (1xp) ;
Xp
(px1)

fori = 1,2, ...,p with unrealized quantity on the jth multivariate sample observation

Xj
S x| . .
le‘ = € - X] = [eli, €5, ...,epl-] . . = ell-le + eZinz + -+ epl-ij
(1xp) (px1) (1xp) :
jp
(px1)

forj = 1,2, ...,n, with unrealized sample variance and covariance

Var(?i)z é: . SX . éi :21'
(1xp) (pxp) (px1)

fori=1,2,..,p and

COV(?i,?k)z é: . SX . ék =0
(1xp) (pxp) (px1)



fori,k =1,2,...,p,i # k given in Definition 4.5.4 3, p. 442].

One can write the n sample principal components in matrix notation

Y = X - E
(nxp)  (nxp) (pxp)

X11 X1z
X1 Xa
X Xp2
-an an
(nxp)
(X &
(1xp) (px1)
Xlz ’ é1
(1xp) (px1)
X;l ’ é1
[ (1xp) (pXx1)

Using Definition 2.1.11 inner (dot) product of two vectors

[ éll - Xl
(1xp) (px1)
éll - XZ

(1xp) (px1)

(1xp) (px1)

é - X,
[ (1xp) (px1)

X1p
Xop [én
: |é21
Xip ||
: lépl
Xnp

X, - &

2
(1xp) (px1)

X; - &

(1xp) (px1)

12 A
X"ez

(1xp) (®X1)  (1xp) (X1

lez'éz

(1xp) (px1)

!

élz " X1
(1xp) (px1)
& - X,

(1xp) (px1)

(1xp) (px1)

& - X,
(axp) (px1)

X; - &
(1xp) (px1)
X, - &
(1xp) (px1)

(1xp) (PXx1)

X, - &

(1xp) (px1)
(nxp)

. — - X
@) an) (tem) (XD

& - X,
(1xp) (px1)
& - X,
(1xp) (px1)

(1xp) (px1)

é: ’ Xn
(1xp) (px1)
(nxp)

X, - 8,
(1xp) (px1)
X, - &

(xp) (1)
XJ,' ' ép
(1xp) (px1)

X, - &,
(1xp) (px1)d

é;) - Xl )
(1xp) (Px1)
é;) - XZ

(1xp) (Px1)
& - X;
(1xp) (px1)

&, - X,
(1xp) (Ex1)]
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Yi; Yo Yii Yip
Yor Yoo oo ¥y Y2p
o T2 B Tio
1?'nl ?nz 1?nl ?np_
(nxp)
Theorem 5.4.2 (Total Sample Variance). Let random vectors X; , X, , ..., X,

(px1) (px1) (rx1)

constitute a multivariate random sample defined in Definition 4.2.2. with associated

positive-definite sample variance-covariance matrix Sy defined in Theorem 4.4.2.
(pxp)

Let Sx have sample eigenvalue and normalized- eigenvector pairs (Zi, é; ),
(pxp) (px1)

i=12,..,p Where/il > /TZ > > /Tp > 0. Let the unrealized sample principal

Al

components be of the formY; = &, - X _withjth multivariate sample
(1xp) @xD

!

observation 17jl- = €; - X; .Then the total sample variance
(1xp) (px1)

4
511 +522+"‘+Spp =ZSii =il+22

i=1 i=1

+
+
o)
=
Il
D=
<
Q
-
—~
it}
—

Consequently,

Proportion of total A
sample variance Ai
Que.to ith sample L+ + -+ Ay
principal component

[3, p. 442] and

Kk =
— Zi=1’1i

variance due to the first k =Szt
Ay +dg+ -+

sample principal components

Proportion of total sample
( > k <p.
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We shall denote the sample principal components by ¥;,Y,, ..., ?p,

irrespective of whether they are obtained from Sx or S; = R .The
(oxp) (oxp)  (PXP)

components constructed from Sx and S; = R _are notthe same, in general,
(pxp) (oxp)  (PXP)

but it will be clear from the context which matrix is being used, and the single

notation ¥; is convenient. It is also convenient to label the component coefficient

vectors &; and the component A; for both situations [3, p. 443].
(px1)

5.5 Sample Principal Components for Standardized

Samples

Theorem 5.5.1 (ith Sample Principal Component of Z). Let random

vectors Z, , Z, ,..., 1, constitute a standardized multivariate random sample
(px1) (px1) (px1)

defined in Theorem 4.6.1. with associated positive-definite sample variance-

covariance matrix S; = R _defined in Theorem 4.8.2. Let S; = R _have
(pxp)  (Pxp) (pxp)  (PXxP)

~

sample eigenvalue and normalized-eigenvector pairs </1i, é; ) ,i=1,2,...,p where
(px1)

> > > ip > 0. Then the unrealized ith sample principal component of

7 isofthe form

(nxp)
Zy
P4 ~l A A A ZZ A A A
le' = ei AN [eli, €2i) ey epi] . . = elizl + eziZZ + -+ epl'Zp
(xp) @*D (1xp) '
Zp

(px1)



fori = 1,2, ...,p with unrealized quantity on the jth standardized multivariate

sample observation

Zj
4 Ar A A A Z] A A A
le‘ = € - Z] = [eli, €20y )y epl-] I eliZjl + eZiZjZ + -+ epiij
(1XP) (p)(l) (1><p) l : J
jp
(px1)

forj = 1,2, ...,n with unrealized sample variance and covariance

Var(?})z é; . SZ . éi = é; . R . éi :/;{i
(1xp) (pxp) (px1)  (1xp) @XP) (px1)

fori=1,2,..,p and

COV(?i,?k): é; . SZ . ék = é; - R - ék =0
(1xp) (pxp) (px1)  (1xp) @XP) (px1)

fori,k =1,2,...,p,i # k given in Definition 4.9.7 3, p. 451].

One can write the n sample principal components of( Z ) in matrix notation
nxp

Y = Z - E
(nxp)  (nxp) (pxp)

Z11 Ziz le_

Zy1 Zyy v Zyp|[€11 f12 €1 "t €1p
| Po|]€21 €22 v €y €2p
Zjn  Zjs Zip || ¢ 3 :

: s epl epz . el epp

X
an Zn2 an_ (pxP)
(nxp)

Yi, Y - ¥y Yip

Yo Yo oo Yy Yop

Vi Y Yji Yip

_Ynl Ynz Ym’ an
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Theorem 5.5.2 (Total Standardized Sample Variance). Let random

vectors L, , Z, , ..., L, constitute a standardized multivariate random sample
(px1) (px1) (px1)

defined in Theorem 4.6.1 with associated positive-definite standardized sample

variance-covariance matrix S; = R _defined in Theorem 4.8.2. Let S; = R
(pxp)  (®*P) (pxp)  (pXxP)

have sample eigenvalue and normalized-eigenvector pairs </Ti, é; ) ,i=12,..,p
(px1)

whered; > A, > - > /Tp > 0. Let the unrealized sample principal components of

Z beoftheformY;, = @&, - 7 _withjth standardized multivariate sample
(nxp) (xp) XD
observations¥; = & - Z; .

(1xp) (p>1)

Then the total standardized sample variance

p p
1+1+~-+1=p=25 Z
i=1

i=1

||
>—*>

Ao+ + 4, :zp: r(%).

i=1
Consequently,

Proportion of total
standardized sample variance A _
due to the ith sample principal [ = 2 1=12..,p

component of Z
(nxp)

and

Proportion of total standardized R
- : Yk A
sample variance due to the first k _ ai=17 k <p.

sample principal components of Z p
(nxp)
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A rule of thumb suggests retaining only those components whose variances

a~

A; are greater than unity or, equivalently, only those components which,
individually, explain at least a proportion 1/p of the total variance. This rule does
not have a great deal of theoretical support, however, and it should not be applied
blindly. Also, a scree plot is useful for selecting the appropriate number of

components [3, p. 451].



160

Chapter 6
Results and Discussion

6.1 R Programming Language

Analysis of data is conducted using R version 3.6.2 (2019-12-12) -- "Dark and
Stormy Night". R is an open source software for statistical computing and graphics.
The latest version can be downloaded at R: The R Project for Statistical Computing

website https://www.r-project.org/.

6.2 Univariate Distribution Analysis

6.2.1 Descriptives for US Crime 2018

Table 6.2.1: Descriptives for US Crime 2018

vars n sd min ql |[median| mean q3 max | range
MURDER 1 327 5.45 0 1.95 3.9 5.11 6.25 60.9 60.9
RAPE 2 327 26.36 13 33.15 44.8 50.99 62.2 200.1 | 187.1
ROBBERY 3 327 61.93 1.2 33.3 55.5 70.52 | 87.95 | 4732 472
ASSAULT 4 327 182.33 30.2 152.1 | 233.6 | 270.11 | 323.7 | 1477.8 | 1447.6
BURGLARY| 5 327 233.2 87.3 264.1 | 3939 | 4359 | 557.1 | 1576.1 | 1488.8
LARCENY 6 327 734.07 | 488.5 1282 | 1657.2 | 1748.4 | 2045.1 | 8558.1 | 8069.6
VEHICLE 7 327 160.58 13.7 103 166.7 | 215.18 | 281.4 | 9709 | 957.2

Table 6.2.1 gives the descriptives for 327 US metropolitan statistical areas in 2018

for violent crime and property crime per 100,000 residents.


https://www.r-project.org/
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6.2.2 Distributions of US Crime 2018

6.2.2.1 Murder Distribution

Murder Density Plot
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Figure 6.2.1: Murder Distribution Plots

Based on the density and histogram in Figure 6.2.1, the distribution of Murder looks

right skewed. The lower left plot in Figure 6.2.1 is a Normal QQ-Plot for Murder that

shows a clear lack of normality. One can use Shapiro-Wilk test for normality with

a = 0.1 to confirm this assertion. That is,

H, : Population Distribution for Murder is Normal

H; : Population Distribution for Murder is not Normal



162
W = 0.61016;p — value = 0
Thus, as expected, one rejects Hy. There is sufficient evidence to say that the
population distribution of Murder is not normally distributed. However, the
distribution of Murder could be lognormal. The lower right plot in Figure 6.2.1 is a
Lognormal QQ-Plot for Murder that shows a clear potential of lognormality, along
with the density and histogram. One can use the same Shapiro-Wilk test to test for

lognormality by a simple log transformation on Xyyrger- Indeed, this is due to the
(327x1)

fact that X; ~ Lognormal = log(X;) ~ Normal [8].
H, : Population Distribution for Murder is Lognormal
H, : Population Distribution for Murder is not Lognormal
p — value doesn’t exist

The p — value doesn't exist because seven metropolitan statistical areas have

murder rates of 0. As a result, the transformation from Xy, rqer to log <XMurder>
(327x1) (327x1)

cannot be completed and the Shapiro-Wilk test will not compute a p — value.
Nevertheless, using the Lognormal QQ-Plot one can cautiously assume the
population distribution of Murder is approximately lognormal.

It has been found that all the outliers of Murder are located at the upper end
of the distribution. These metropolitan statistical areas correspond places with
extremely high murder rates per 100,000 residents. Furthermore, it may be of

interest to see the areas in the lowest 2.5% of the Murder distribution for 2018.
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Figure 6.2.2: Murder Outliers and Lower 2.5% of Sample
The left plot in Figure 6.2.2 shows the seven metropolitan statistical areas with a
murder rate of 0. The right plot in Figure 6.2.2 highlights three areas with radically
high murder rates per 100,000; namely, St Louis (60.9), Detroit (38.9), and New

Orleans (37.1).
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6.2.2.2 Rape Distribution

Rape Density Plot Rape Histogram
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Figure 6.2.3: Rape Distribution Plots
Based on the density and histogram in Figure 6.2.3, the distribution of rape looks
right skewed with several outliers. Next, one uses Shapiro-Wilk test to test for
normality and lognormality with ¢ = 0.1.
H, : Population Distribution for Rape is Normal
H, : Population Distribution for Rape is not Normal

W = 0.85053; p — value = 0
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H, : Population Distribution for Rape is Lognormal
H, : Population Distribution for Rape is not Lognormal
p — value = 0.164
One rejects H, for normality and fails to reject H, for lognormality. Yet the
Lognormal QQ-Plot appears to contradict the hypothesis test result. Thus, more
work should be done to resolve this inconsistency. However, learning the true

distribution of rape is not of major interest, so one can move on.

Rape Lower 2.5% of Sample Rape Outliers of Sample
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150~
o o
o (=]
a =1 20712
=] ‘8 1148111109_4
Eg_ & 100
11}
5 E
s & =& & 1 B g £ g S a2 & < 8 § 5 £ 6 72 5
2 m 2 2 2 S T ER = 3 2 0 E o =
E s I W @ < T % & 8 £ E 3
£ Z = s 2 B @
METRO METRO

Figure 6.2.4: Rape Outliers and Lower 2.5% of Sample
The right plot in Figure 6.2.4 focuses one’s attention to four areas with extremely
high rape rates per 100,000; specifically, Anchorage (200.1), Myrtle Beach (190),

New Orleans (171.8), and Detroit (147.2). Anchorage has long time been known for
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its high rape rates. The question of interest is why? Some have posed that it is

related to the high male-to-female ratio. Others have said it is due to the long

winters and physical isolation of individuals. While others have stated that the issue

is established upon patriarchy and capitalism, which objectifies and commodifies

women as the property of men [9]. Whereas, Myrtle Beach and New Orleans are

vacation and party destinations which could lead to increased sexual assault.

Finally, remember, that Detroit and New Orleans also had dangerously high Murder

rates. One should pay attention to these metropolitan statistical areas that

repeatedly show up in the high-ranking crime category.

6.2.2.3 Robbery Distribution

Robbery Density Plot

1 1 1 | |
0010 4 /} -
0.008 .'I '. -
0.006 \ -
0004 9 [ -

00024 | \ -
I s —
T T T T 1

0 100 200 300 400 500
ROBBERY

Robbery Normal QQ-Plot
SW-Test p-value =0

Density

E 400 — IC:J.‘- —

w300 § L
O

B 200 - A

O 100 . —

=z 0 ¢ c.-m/ -

Robbery Histogram

0.010 ~
0.008 ~
0.006 —
0.004 ~
0.002 ~

0.000 — -
T T T | T T

0 100 200 300 400 500
ROBBERY

Density

Robbery Lognormal QQ-Plot
SW-Test p-value =0

400
300
200
100

o,
T T 11

ROBBERY

N I |




167
Figure 6.2.5: Robbery Distribution Plots
Based on the density and histogram in Figure 6.2.5, the distribution of Robbery
looks right skewed with several outliers. Next, one uses Shapiro-Wilk test for testing
normality and lognormality with ¢ = 0.1.
H, : Population Distribution for Robbery is Normal
H, : Population Distribution for Robbery is not Normal
W = 0.73871;p — value = 0
H, : Population Distribution for Robbery is Lognormal
H; : Population Distribution for Robbery is not Lognormal
p—value =0

One rejects H, for normality and lognormality.
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Figure 6.2.6: Robbery Outliers and Lower 2.5% of Sample
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The right plot in Figure 6.2.6 has some repeatedly high-ranking metropolitan

statistical areas for crime, in general, and in robbery as well. The names one hasn’t

seen yet in the univariate outliers list are Houston, Albuquerque, Stockton, and San

Francisco.

6.2.2.4 Assault Distribution
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Figure 6.2.7: Assault Distribution Plots

Based on the density and histogram in Figure 6.2.7, the distribution of Assault looks

right skewed with several outliers. Next, one uses Shapiro-Wilk test for normality

and lognormality with a = 0.1.
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H, : Population Distribution for Assault is Normal
Hy : Population Distribution for Assault is not Normal
W = 0.8109; p — value = 0
H, : Population Distribution for Assault is Lognormal
H; : Population Distribution for Assault is not Lognormal
p — value = 0.3352
One rejects H, for normality and fails to reject H, for lognormality. Similar to rape,

the Lognormal QQ-Plot for assault, appears to contradict the hypothesis test result.
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Figure 6.2.8: Assault Outliers and Lower 2.5% of Sample
The right plot in Figure 6.2.8 features four areas with drastically higher assault rates
per 100,000. Detroit (1477.8), St Louis (1165.6), Little Rock (1130.5), and
Farmington (1006.4). Interesting, two metropolitan statistical areas are in New

Mexico: Farmington and Albuquerque. Similarly, three metropolitan statistical
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areas are in Texas: Lubbock, Odessa, and Houston. Immediately we can see many of

these outliers have been seen in previous plots.

6.2.2.5 Burglary Distribution

Burglary Density Plot
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Figure 6.2.9: Burglary Distribution Plots

Based on the density and histogram in Figure 6.2.9, the distribution of Burglary

looks right skewed with several outliers. Next, one uses Shapiro-Wilk test for

normality and lognormality with a = 0.1.
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H, : Population Distribution for Burglary is Normal
H; : Population Distribution for Burglary is not Normal
W = 0.90035; p — value = 0
H, : Population Distribution for Burglary is Lognormal
H, : Population Distribution for Burglary is not Lognormal
p — value = 0.4335
One rejects H, for normality and fails to reject H, for lognormality. Similar to rape
and assault, the Lognormal QQ-Plot for burglary, appears to contradict the

hypothesis test result.
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Figure 6.2.10: Burglary Outliers and Lower 2.5% of Sample
The right plot in Figure 6.2.10 contains two areas with larger burglary rates per
100,000: Lake Charles (1576.1) and Hot Springs (1421.6). What is noteworthy is

these areas have not shown up on any other of the other outlier plots.
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6.2.2.6 Larceny Distribution

Larceny Density Plot Larceny Histogram
1 1 | 1 1
Be-04 4 | - 6e-04 -
= =
p 4e-04 ! | ~ 2 4e-04 —
@ @
0O 2e-04 — 0O 2e-04 ~
0e+00 |a“|h| : 1 |’. - 0e+00 = T T 1 1 1 3
0 20004000 6000 8000 0 2000 4000 6000 8000
LARCENY LARCENY
Larceny Normal QQ-Plot Larceny Log-Normal QQ-Plot
SW-Test p-value =0 SW-Test p-value = 0.04679
1 1 | 1 | | 1 1 1
> 8000 — > 8000 ] e
& 6000 - = 5 6000 - -
S 4000 $ I 4000 ey -
< 2000 / 1 < 2000 — /" : i
— _,_ — :
I I | I | | I | | I I |
324012 3 0 5 10 15 20
gnorm glnorm

Figure 6.2.11: Larceny Distribution Plots
Based on the density and histogram in Figure 6.2.11, the distribution of Larceny
looks right skewed with several outliers. Next, one uses Shapiro-Wilk test for
normality and lognormality with o = 0.1.
H, : Population Distribution for Larceny is Normal
H; : Population Distribution for Larceny is not Normal

W = 0.90035; p — value = 0
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H, : Population Distribution for Larceny is Lognormal
H; : Population Distribution for Larceny is not Lognormal
p — value = 0.04679

One rejects H, for normality and lognormality.
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Figure 6.2.12: Larceny Outliers and Lower 2.5% of Sample
The right plot in Figure 6.2.12 has one extreme crime area that stands out compared
to the other outliers. Myrtle Beach’s (8558.1) larceny crime rate is almost double
any other of the outliers. Theft of person property is often higher in tourist

destinations. It is surprising that Las Vegas is not one of the high-raking areas for

this type of crime.



6.2.2.7 Vehicle Distribution
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1 | 1 _ ] 1 1 L
II;\I

> 0.003 A — > 0.004 — |
% 0002 | \ - @ 00037 i
§ II \ g 0.002 s
ki N B 0.001 3
0.000 — ’m\-‘m = 0.000 — -

T T T T 1 I I 1 T T T
0 200400 600 8001000 0 200 400 600 800 1000

VEHICLE VEHICLE

Vehicle Normal QQ-Plot
SW-Test p-value =0

1 1 1 | | 1
X

1000 - e 1000 T
Y 800 & Y 800~ /00 i
% 600 ;T % 600 — s o
400 - 7~ 400 -

Y 200 - Y 200 / i
0 —| 4l — 0 — -

‘I“Hl |
32401 2 3

Vehicle Log-Normal QQ-Plot
SW-Test p-value = 0.03367

0 5 10 15 20

qlnorm

Figure 6.2.13: Vehicle Distribution Plots
Based on the density and histogram in Figure 6.2.11, the distribution of Vehicle
looks right skewed with several outliers. Next, one uses Shapiro-Wilk test for
normality and lognormality with ¢ = 0.1.
H, : Population Distribution for Vehicle is Normal
H; : Population Distribution for Vehicle is not Normal

W = 0.8565; p — value = 0
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H, : Population Distribution for Vehicle is Lognormal
H, : Population Distribution for Vehicle is not LogNormal
p — value = 0.3367

One rejects H, for normality and fails to reject H, for lognormality.
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Figure 6.2.14: Vehicle Outliers and Lower 2.5% of Sample
The right plot in Figure 6.2.14 does not show any metropolitan statistical areas

where vehicle theft stands out significantly more than others.



6.3 Bivariate Distribution Analysis

6.3.1 Correlation Matrix for US Crime 2018
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Figure 6.3.1: Correlation Matrix for US Crime 2018
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In Figure 6.3.1, one can see strong positive sample correlation between murder and

robbery, murder and assault, robbery and assault, burglary and larceny, and

robbery and vehicular theft.
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6.3.2 Contour-Scatter Matrix
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Figure 6.3.2: Contour-Scatter Matrix
The upper diagonal of Figure 6.3.2 displays scatterplots for the seven US Crime 2018
characteristics (variables). One can see there is a dense cloud on the lower-left part
of most of the scatterplots linked to areas where pairs of characteristics have lower
or medium crime rates. In contrast, one can see less dense scatter in the upper-right

of the scatterplots related to those areas where high to extremely crime rates exist.
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The lower diagonal of Figure 6.3.2 displays contour plots where the 2-d
density is colored with a lighter color for more dense regions and the 2-d density is
colored darker for less dense regions. Specifically, the contour plots are a nice way
to visualize the bivariate densities in two dimensions instead of in three dimensions.
Here, with the contour plots, one can see the densest regions for each pair of
variables, unlike in the upper diagonal where it is obscured by the larger number of

dots scattered in close proximity.

6.4 Multivariate Distribution Analysis

6.4.1 Testing Multivariate Normality

Using the generalization of Shapiro-Wilk test (Villasenor-Alva and Gonzalez-Estrada
2009) for multivariate normality one can test
H, : Population Distribution is Multivariate Normal
H; : Population Distribution is not Multivariate Normal
W = 0.8513;p — value = 0
Consequently, one rejects H,. There is sufficient evidence to say that the US Crime

population distribution is not multivariate normal.
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6.5 Sample PCA for Standardized US Crime 2018

When individual sample characteristics have vastly different ranges they are
routinely standardized before running a principal components analysis [3, p. 439].
Otherwise the characteristics with the largest ranges will dominate the first few
sample principal components. Hence, the first step in the principal components

analysis is to standardize the US Crime 2018 data.

6.5.1 Descriptives for Standardized US Crime 2018

Table 6.5.1: Descriptives for Standardized US Crime 2018

vars n sd min ql |median| mean q3 max | range

MURDER 1 327 1 -094 | -0.58 | -0.22 0 0.21 10.24 | 11.18
RAPE 2 327 1 -144 | -0.68 | -0.23 0 0.43 5.66 7.1
ROBBERY 3 327 1 -1.12 | -0.60 | -0.24 0 0.28 6.5 7.62
ASSAULT 4 327 1 -1.32 | -0.65 -0.2 0 0.29 6.62 7.94
BURGLARY 5 327 1 -149 | -0.74 | -0.18 0 0.52 4.89 6.38
LARCENY 6 327 1 -1.72 | -0.64 | -0.12 0 0.40 9.28 10.99
VEHICLE 7 327 1 -1.25 | -0.70 -0.3 0 0.41 4.71 5.96

In Table 6.5.1, one can see that all sample means are 0 and all sample standard
deviations are 1. Further, the respective ranges are comparable in size. Now,
elements in the standardized multivariate random sample matrix that are positive
will be above the sample mean and elements that are negative will be below the

sample mean.



6.5.2 Sample PCA for Standardized US Crime 2018

6.5.2.1 Explained Standardized Sample Variance by Principal

Component for US Crime 2018
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Table 6.5.2: Explained Standardized Sample Variance by Principal Component

yl y2 y3 y4 y5 y6 y7
Eigenvalues | 4.4138 | 0.7695 | 0.6568 | 0.4503 | 0.3226 | 0.2163 | 0.1707
% of Variance | 63.05% | 10.99% | 9.38% | 6.43% | 4.61% | 3.09% 2.44%
Cumulative %| 63.05% | 74.05% | 83.43% | 89.86% | 94.47% | 97.56% | 100.00%

The first row of Table 6.5.2 displays the standardized sample variances for each of
the sample principal components (var(Y;) = 4; fori = 1, ...,7). The second row

provides the percent of standardized sample variance due to the ith sample

principal component (% -100%,i =1, ... ,7). Finally, the third row shows the

percent of standardized sample variance due to the first kth sample principal

k 3.
component (%, k < 7). One can see that the first three sample principal

components account for 83.43% of the total standardized variation in the sample
from US Crime 2018. Figure 6.5.1 gives us a way to visualize the relation between
the standardized sample principal components and their percentages of explained

standardized sample variance.
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Figure 6.5.1: Explained Standardized Sample Variance by Principal Component

6.5.2.2 Sample Principal Components for Standardized Crime 2018

Table 6.5.3: Sample Principal Components for Standardized Crime 2018

yl y2 y3 y4 y5 y6 y7

MURDER |-0.3704 | 0.4863 |-0.3767| 0.197 |-0.3164]-0.4799| 0.3394

RAPE -0.2849 | -0.7469 | -0.5518 | 0.0673 | -0.0436 | -0.1588 | -0.1574
ROBBERY |-0.4087 | 0.3387 | -0.131 |-0.3787|-0.1169] 0.1769 | -0.7161
ASSAULT |-0.4144| 0.0985 [-0.1529| 0.4294 | 0.2454 | 0.709 | 0.2191
BURGLARY| -0.372 |-0.0847| 0.555 | 0.5261 | 0.1749 | -0.3644|-0.3261
LARCENY |[-0.3792-0.2702 | 0.4419 |-0.2523|-0.6337| 0.193 | 0.2923
VEHICLE |-0.4009|-0.0313| 0.0989 |-0.5371| 0.6261 |-0.2013| 0.328

Given that the first three sample principal components yield 83.43% of the total

standardized variation in the sample, there is no need to use the other four sample

components in one’s analysis.
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attempted to be explained in the context of the subject matter. To demonstrate,
sample principal component J; has eigenvector components of roughly equal
magnitudes. Thus, J; can be considered a general crime component. If one was to
explain a metropolitan statistical area’s crime rate with one value, then y;; would be
it. Most importantly because y; maximizes the standardized sample variance

var(y;) subjectto &; - & = 1andcov(¥,,¥;) =0,k = 2,...,7. Notice that all the
(1x7) (7x1)

eigenvector components are negative; accordingly, an area with larger crime rates

would have a very negative value (in general).

1 = —0.37xmurpErR — 0.28%prApE — 0.41XR0BBERY — 0.41XAsSAULT

—0.37xgyrgLary — 0-37x arcENY — 0-40XyEHICLE

with jth observation

yjl = —0.37x; murper — 0-28%; rape — 0.41%j roBBERY — 0-41Xj ASSAULT

—0.37x; urcLary — 0-37%; LarcEny — 0-40X; venicLE

Sample principal component ¥, has largest eigenvector component magnitudes on
murder and rape. Therefore, ¥, could be deemed a heinous crime component. If the
area has a much larger murder rate, then rape rate, y;, will likely stand out in the
positive direction. If the area has a much larger rape rate, then murder rate, y;, will
likely stand out in the negative direction. If the area has approximately equal values,

then J;, will likely not stand out in either direction.
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Y2 = 0.49xyurpER — 0.75xRApE + 0.34XRoBRERY T 0.10XAs5AULT

—0.08xgyrgLary — 0-27xarcENY — 0.03XyEHICLE

with jth observation
Vj2 = 0.49x; murper — 0.75%; rapg + 0.34%; rogeERY + 0.10X; ASSAULT

—0.08%; purcrary — 0-27%; parceny — 0.03X; venicLE

Sample principal component y; has negative eigenvector components for violent
crime and positive eigenvector components for property crime. Immediately, 5 can
be thought of as a crime type component. That is, areas with particularly negative
¥j3 values will often have larger violent crime relative to property crime.

Conversely, areas with larger property crime relative to violent crime will have
more positive J;3 values.

Y3 = —0.38xmyrper — 0.55xrAPE — 0.13XR0oBBERY — 0-15XASSAULT
+0.56xgyrgLARY T 0.44X ARCENY + 0.10XyEHICLE
with jth observation
yj3 = —0.38%j murRDER — 0-55xj,RAPE — 0.13%j RoBBERY — 0-15xj,ASSAULT
+0.56%; gyrgrary + 044X parceny + 0.10X; venicLE
Note that explaining these principal components is not a perfect science and caution
should be exercised when interpreting the y;’s in context of the data. Figure 6.5.2
gives a graphical interpretation of how the standardized characteristics contributed

to the first three sample principal component derived from the US Crime 2018 data.
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Figure 6.5.2: Contrib. of Standardized Characteristics to Each Principal Component
In Figure 6.5.2, the percent contribution of the kth standardized
characteristic to the ith sample principal component is calculated as
Sample Contribution,; = éZ - 100%
fork,i = 1,2,...,p because &; - €, - 100% = 1 - 100% = 100%. Hence, é,fl- is the
proportion contribution of the kth standardized characteristic to the ith sample
principal component. To clarify further, €; - €; represents the squared length or
magnitude of the vector &; so €7, = &; - &; is the part that the standardized

characteristic z, that contributes to magnitude of, or squared length of, €;.
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6.5.2.3 Correlation Matrix for Sample Principal Components and

Standardized Crime 2018 Characteristics
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Sample Correlation
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Figure 6.5.3: Correlation Matrix for Sample Principal Components and Standardized
Crime 2018 Characteristics

The upper-right triangle of Figure 6.5.3 displays the sample correlations between
the (Standardized) US Crime 2018 characteristics as seen in Figure 6.3.1.The
bottom-left triangle of Figure 6.5.3 shows the sample principal components are
indeed uncorrelated because cov(y;, Jx) =0V i # k.

In the right-bottom square of Figure 6.5.3, the correlations between the
sample principal components and the standardized US Crime 2018 characteristics,

can be seen. The interpretation of these sample correlations can lead to similar
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interpretations as looking at é,; directly, but with some data, this is not true [3, p.
434]. For Figure 6.5.3, the correlations between sample principal components and
the standardized US Crime 2018 characteristics match the original interpretations
of the é;;’s.

To illustrate, the eigenvector components of ¥, are all negative and nearly
the same magnitude. Analogously, the correlations between the eigenvector
components of §; and the standardized US Crime 2018 characteristics are all strong
negatively correlated. For the eigenvector components of y, and the standardized
US Crime 2018 characteristics, one can see a strong negative correlation between
the standardized rape characteristic and its respective eigenvector component. In
the same way, the standardized murder characteristic is positively correlated with
its eigenvector counterpart. Principal component y; has negative correlations with
the violent crime characteristics and positive correlations with the property crime
characteristics. Henceforth, the correlation structure between the sample principal
components and the standardized US Crime 2018 characteristics agree with the

signs and magnitudes of the é;;’s.



6.5.2.4 Scatterplots for Sample Principal Components from

Standardized US Crime 2018
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Figure 6.5.4: Scatterplot for y, ~ y;

Figure 6.5.4 plots sample principal components
Vj2 = 0.49x; murper — 0.75%; rapg + 0.34%; rogeERY + 0.10X) ASSAULT

—0.08%; purcrary — 0-27%; parceny — 0.03X; venicLE

Vi1 = —0.37x; murper — 0-28%; rapg — 0.41x; rogBERY — 0-41Xj AsSAULT

—0.37x; purcrary — 0-37%; Larceny — 0-40X; venicLE

forj=1,2,..,327.
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From Figure 6.5.4, metropolitan statistical areas to the far left in the y;
direction are those places with very extreme crimes rates on one or more
characteristics. Specifically, because ¥, has all negative eigenvector components,
areas with large crime rates will have sample principle components scores far to the
left. Thus, St. Louis, Detroit, New Orleans, Little Rock, Anchorage, and Myrtle Beach
can be put into the severe crime category based on the general crime component?y;.

Next, from Figure 6.5.4, metropolitan statistical areas in the upper region of
¥, dimension are going to have high murder rates relative to rape rates. These areas
include St. Louis, Chicago, and Baltimore (see also Figure 6.6.2 for Murder Outliers).
At the same time, metropolitan statistical areas in the lower region of ¥y, are going to
have high rape rates relative to murder rates. These areas include Myrtle Beach and
Anchorage (see also Figure 6.6.3 for Rape Outliers). After all, y, is the heinous crime
component, which is dominated by the negative eigenvector component for rape
and the positive eigenvector component for murder.

There are also cases where areas had large murder and rape rates that ended
up in the center region of y, . These areas include Detroit, New Orleans, and Little
Rock (see Figure 6.6.2-6.6.3). Finally, areas that had smaller crimes rates would end

up center around (; = 0,9, = 0).
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Figure 6.5.5 plots sample principal components

by

Vi3
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—0.37x; surcLary — 0-37%; Larceny — 0-40X; venicLE

forj=1,2,...,327.

From Figure 6.5.5, metropolitan statistical areas in the upper region of y; have

serious crime rates related to one or more violent crimes relative to property

crimes. One the other hand, metropolitan statistical areas in the lower region of ¥

have significant crime rates related to one or more property crimes relative to
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violent crimes. That is, y; has negative eigenvector components for violent crime
and positive eigenvector components for property crime. Specifically, for violent
crime J; is most weighted towards murder and rape. While, property crime is most
weighted towards burglary and larceny. This is the crime type component.

Lake Charles has the largest value on J5. It is interesting because the area
only came up once in the outliers for burglary where it had the largest number of
burglaries (1576.1) per 100, 000 in the nation (see Figure 6.2.10). Otherwise, Lake
Charles has not shown up on one’s radar.

Myrtle Beach is interesting because it has large crime rates for all
characteristics except for murder. Thus, it is tough to say whether Myrtle Beach is
worse with respect to violent crime or property crime based on its y;; value. In
short, y3 has neutralized the effect for Myrtle Beach.

St. Louis, Detroit, and New Orleans have high crime rates on most of the
characteristics, but violent crime is most pronounced in y3. Most notably, St. Louis
has the largest murder rate of 60.9, Detroit has the second highest murder rate at
38.9, and New Orleans has the third highest murder rate at 37.1. New Orleans ranks
third in rape at 171.8 and Detroit ranks fourth at 147.2. St Louis leads in robbery
with 473.2, Detroit takes fourth with 344, and New Orleans in sixth with 307.5.

Detroit is in first for assault with 1477.8 and St. Louis is in second with 1165.6.
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Figure 6.5.6: Scatterplot for y; ~ ¥,
Figure 6.5.6 plots sample principal components
Vi3 = —0.38x; myrper — 0-55%; rapg — 0.13x; roBErRY — 0-15Xj AssauLT
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forj=1,2,..,327.
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6.6 k-Means Clustering Method

The k-Means clustering algorithm is used to partition a set of n unclassified

multivariate sample observations xX; , X, ,..., X, into k clusters or groups using
(px1) (px1) (px1)

a distance metric, most commonly, Euclidean distance. Note that the number of
clusters k must be specified in advance, which there are various numerical

processes to help, analytically, specify this parameter [10, p. 532].
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Because the k-Means algorithm, by default, uses the Euclidean distance metric it
suffers from certain deficiencies based on the number of calculations it must make
and the size of those calculations. Respectively, the k-Means algorithm runs slower
and has trouble finding reasonable clusters in the same proximity when:

(1) n and p are large.

(2) The ranges of the x4, x5, ..., x,, are large and/or when the ranges of

X1, X2, -, Xp are largely different from each other.
One solution to solve the range dilemma is to standardize the sample and use

Z, , Zy ,..., Zp astheinputs into the k-Means algorithm. However, this solution
(px1) (px1) (px1)

does not address the number of characteristics p being large. To address this issue,
one can subset p variables in some meaningful way and continue with the k-Means
analysis; but it is in generally difficult to make the decision of which characteristics
to keep and which to lose. However, another option exists to solve both problems
simultaneously. Specifically, one can use the first two or three sample principal
components from the standardized sample provided that they account for a large

proportion of the variabilityin z, , z, ,.., Z, .
(px1) (px1) (px1)

For the US Crime 2018 data, we will use the standardized sample and the
first three sample principal components derived from the standardized sample as
inputs into the k-Means algorithm to compare. One can then see how similar or

different the two inputs behave with respect to the k-Means cluster assignments.
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6.6.1 Choosing k

One black-box method for choosing the appropriate k for several clustering
methods is found in the R package NbClust. NbClust provides 30 indices for
determining the relevant number of clusters and proposes to users the best
clustering scheme from the different results obtained by varying all combinations of
number of clusters, distance measures, and clustering methods. It can
simultaneously compute all the indices and determine the number of clusters in a

single function call [11].

NbClust, Black-Box Method, k-Means, Input Standardized Crime 2018

10

) . I
0- - I N
0 2 3 - 5 6

# of clusters k

NbClust, Black-Box Method, k-Means, Input y1, y2, y3

Freq. Among Indices

12.57
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Figure 6.6.1: NbClust, Black-Box Method, k-Means

In Table 6.6.1, the optimal number of clusters is found to be k = 3 for both inputs,



Standardized Crime 2018 and ¥, ¥, 5.

6.6.2 k-Means, k = 3

6.6.2.1 k-Means, k = 3, Cluster Sizes

Table 6.6.1: k-Means, k = 3, Cluster Sizes

k=3, k-Means, Standardized Crime 2018, Cluster Size

cluster 1 2 3
size 11 116 200
k=3, k-Means, y1, y2, y3, Cluster Size
cluster 1 2 3
size 6 109 212

6.6.2.2 k-Means, k = 3, Differences in Cluster Assignments

Table 6.6.2: k-Means, k = 3, Differences in Cluster Assignments

k-Means, k=3, Differences in Cluster Assignments

yl,y2,y3
cluster 1 2 3
Standardized 1 6 5 0
Crime 2018 2 0 104 12
3 0 0 200
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From Table 6.6.2, one can see that 5 metropolitan statistical areas were assigned to

cluster 1 using Standardized Crime 2018 and the same 5 metropolitan statistical
areas where assigned to cluster 2 using ¥,, y,, ¥3. Similarly, one can see that the
same 12 metropolitan statistical areas were assigned to cluster 2 using

Standardized Crime 2018 and cluster 3 using ¥,, J,, 3. Table 6.6.3 presents the

specific metropolitan statistical areas assigned to different clusters. These cases are

usually located near the border’s edges of the cluster regions.
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Table 6.6.3: k-Means, k = 3, Differences in Cluster Assignments for Clusters 1,2,3

k-Means, k=3, Differences in Assignments for Cluster 1 and 2

Metropolitan Statistical Area

Standardized Crime 2018

y1,y2,y3

Albuquerque

Chicago

Houston

Memphis

Nashville

NN INDN

k-Means, k=3, Differences in Assignments for Cluster

2and 3

Metropolitan Statistical Area

Standardized Crime 2018

yl,y2,y3

Brunswick

2

Charleston

Columbus_OH

Dayton

Jackson_MI

Lexington

Orlando

Reno

Saginaw

Salem

San_Jose

Honolulu

NINININININININ(NINN

WWwjwlwWwfwWwjwlwlw(w wlw|w

6.6.2.3 k-Means, k = 3, Sample Cluster Mean Vectors

Table 6.6.4: k-Means, k = 3, Sample Cluster Mean Vectors

k-Means, k=3, Standardized Crime 2018, Sample Cluster Mean Vectors
cluster  MURDER| RAPE |ROBBERY|ASSAULT |BURGLARY|LARCENY|VEHICLE
1 22.7091 | 111.782 | 312.0364 | 865.3273 | 811.3909 |3678.564 | 681.509
2 6.79483 | 58.5103 | 97.13879 | 362.3543 | 616.0431 |2158.441 | 318.863
3 3.1705 |43.2875| 41.8045 | 183.871 310.761 |1404.355| 129.394
k-Means, k=3, y1, y2, y3, Sample Cluster Mean Vectors
cluster | MURDER| RAPE |ROBBERY|ASSAULT |BURGLARY |LARCENY|VEHICLE
1 29.55 153.2 | 316.9833 1010 925.7 4402.25 819.6
2 7.30917 | 58.8835 | 108.5073 | 391.3817 | 640.5229 |2227.902 | 332.594
3 3.29293 | 44.0415 | 44.01981 | 186.8175 | 316.8269 |1426.697 | 137.703
Original Sample Mean Vector for Crime 2018
MURDER| RAPE |ROBBERY|ASSAULT |BURGLARY |LARCENY |VEHICLE
5.11 50.99 70.52 270.11 435.9 1748.36 | 215.18
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Table 6.6.4 reveals that cluster 3 has smaller sample mean components for both
inputs compared to the original sample mean vector for Crime 2018. Thus, cluster 3
can be labeled the below average crime cluster. Cluster 2 has larger sample mean
components for both inputs compared to the original sample mean vector for Crime
2018. Hence, cluster 2 can be labeled the above average crime cluster. Cluster 1 has
much larger sample mean components for both inputs compared to their respective
cluster 2’s, cluster 3’s, and the original sample mean vector for Crime 2018.
Correspondingly, cluster 1 can be labeled the extreme crime cluster. At the same
time, one should notice that the sample means with input y;, §,, ¥5 are higher than
the samples means with input Standardized Crime 2018. The reason will be evident

once we plot the cluster assignments on the y,, y,, 3 and the original dimensions.
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6.6.2.4 k-Means, k = 3, Scatterplots on 94, ¥, J3

k-Means, k=3, Input Standardized Crime 2018, Plotted on y1,y2, y3
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Figure 6.6.1: k-Means, k = 3, Input Standardized Crime 2018, Plotted on ¥4, ¥,, ¥3

Focusing our attention on the y; (horizontal) dimension or the general crime

componentof Figure 6.6.1, with Standardized Crime 2018 inputs, one can see that

the three clusters are fairly well-separated. Cluster 1, the extreme crime clusteris

farthest to the left because the eigenvector coefficients of y; are negative, making

areas with extreme crime on one or more of the characteristics shift to the left.

Continuing to focus our attention on y;, cluster 2, the above average crime cluster; is

shifted to the right from clusters 1. We saw in Table 6.6.4, that cluster 2, had smaller

sample mean vector components then cluster 1; thus, it makes sense that is would
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be farther to the right in the y; dimension. Likewise, cluster 3 the below average
crime cluster, is farther to the right then clusters 1 and 2 given its smaller mean

vector components.

k-Means, k=3, Input y1, y2, y3, Plotted on y1,y2, y3
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Figure 6.6.2: k-Means, k = 3, Input ¥,, J,, J3, Plotted on ¥;, 95, J3
Referring to Figure 6.6.2, the clusters with input y;, ¥,, 3 do not look
remarkably different from clusters in Figure 6.6.1, with input Standardized Crime
2018. Except that cluster 1, the extreme crime cluster, has lost five metropolitan
statistical areas, Albuquerque, Chicago, Houston, Memphis, and Nashville which
have been absorbed into cluster 2 the above average crime cluster. These areas have

large crime rates but not as extreme as St. Louis, Detroit, New Orleans, Little Rock,
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Anchorage, and Myrtle Beach with respect to the point estimate J;;. That is why
the cluster mean vector components are larger for the extreme crime cluster with
input y;, ¥,, ¥; compared to the extreme crime cluster with input Standardized
Crime 2018. Lastly, one should mention that Albuquerque, Chicago, Houston,
Memphis, and Nashville are on the boundary of clusters 1 and 2 for both inputs;

consequently, being assigned to either cluster does not seem unreasonable.

6.6.2.5 k-Means, k = 3, Scatterplots on Original Crime 2018 Dimensions

Another method of visualizing the k-Means, k = 3, cluster assignments for inputs
Standardized Crime 2018 and J;, ¥, y5 is to plot them using a scatterplot matrix on

the original Crime 2018 dimensions.
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Figure 6.6.3: k-Means, k = 3, Input Standardized Crime 2018, Original Crime 2018
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Looking at Figure 6.6.3, k-Means, k = 3, Input Standardized Crime 2018, one

can see the densities for each cluster on each characteristic. Cluster 1’s distributions
are all shifted farthest to the right giving it the largest sample mean on each
characteristic. Next, cluster 2 has the second largest sample means based on the
position of the densities. Afterward, cluster 3 has the smallest sample means based
upon the same reasoning. One can also gather the same insight by looking at the
boxplots located on the right side of Figure 6.6.3. In short, these results match the

graphical interpretations given in Figure 6.6.1.
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Figure 6.6.4: k-Means, k = 3, Input y;, J,, ¥5, Original Crime 2018

Results from Figure 6.6.4 are analogous to results from Figure 6.6.3.
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6.7 Hierarchical Clustering Methods

In a hierarchical clustering algorithm, the data are notpartitioned into a particular
number of clusters at a single step. Instead the clustering consists of a series of
partitions, which may run from a single cluster containing all n individuals, to n
clusters each containing a single individual. Hierarchical clustering techniques may
be subdivided into agglomerative methods, which proceed by a series of successive
fusions of the n individuals into groups, and divisive methods, which separate the n

individuals successively into smaller groups [12, p. 71].
6.7.1 Agglomerate Clustering Methods

Agglomerative clustering is the most common type of hierarchical clustering used to
group objects in clusters based on their similarity. It works in a “bottom-up”
manner. That is, each object is initially considered as a single-element cluster (leaf).
At each step of the algorithm, the two clusters that are most similar are combined
into a new bigger cluster (nodes). This procedure is iterated until all points are
members of just one single big cluster (root). The result is a tree-based
representation of the fusion of the objects, named a dendrogram [11]. For our
analysis, we will focus solely on two agglomerative clustering methods Average and

Ward.
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6.7.1.1 Average and Ward’s Method

Average and Ward’s Method can use a Euclidean Distance Matrix ( D ) as an initial
nxn

input into the algorithm. Then each method defines a linkage function that takes the

distance information : D ) and groups pairs of objects into clusters based on some
nxn

type of similarity criterion. Next, these newly formed clusters are linked to each
other to make bigger clusters. This process is iterated until all the objects in the
original data set are linked together into a dendrogram.
% Average Linkage Function defines similarity between two clusters as the
average distance between the elements in one cluster and the elements in the
other cluster.
% Ward'’s Linkage Function minimizes the total within-cluster variance. At each
step the pair of clusters with minimum between-cluster distance are merged.

Note that, at each stage of the clustering process the two clusters, that have the

smallest linkage distance, are linked together [11].
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6.7.1.1.1 Euclidean Distance Matrix D; for Standardized Sample (L Z

(nxn) p)

dll d12 d12 dln
DZ — d21 d22 dZn
(nxn) : :
dps e 0
(nxn) (nxn)

where

p
dj = d( Zj , 7 > = Z(ij — Zj)?
(px1) (X1) =1

= (= 200 + G = 20 + 42y~ 2)°

forj,l=1,2,..,n.

6.7.1.1.2 Euclidean Distance Matrix Dy for Sample Principal Components Y

(nxn) xp)
&11 &12 dAln 0 dAlZ ’ Aln
D\? — dy1  dy dZn — daq 0 dZn
(nxn) AE AE AE AE
dpl dpz dnn dpl dpz 0
(nxn) (nxn)

where

p
dl—d( 9 . 9 >= > G = 9w
(px1) (px1) =1

- J(ﬁjl — 9+ D = 9)? + - + Py — Pi)?

forj,l =1,2,..,n.



6.7.1.1.3 Average and Ward’s Clustering Pseudo-Code

X/
°

X/
°

A X4

7
A X4

[11].

Prepare the sample data.

Compute the Euclidean distance matrix D .

(nxn)

6.7.2 Euclidean Distance Matrices
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Use linkage function to group objects into dendrogram based on D

(n><n)'

Determine where to partition the dendrogram branches, creating k clusters

6.7.2.1 Euclidean Distance Matrix for Standardized US Crime 2018

Table 6.7.1: Euclidean Distance Matrix for Standardized US Crime 2018, First Five

Observations

Euclidean Distance Matrix for Standardized US Crime 2018, First Five Observations

Abilene AKkron Albany_GA | Albany NY | Albuquerque
Abilene 0 0.8 3.1 1.9 6.1
AKkron 0.8 0 3.2 1.3 6.3
Albany_GA 3.1 3.2 0 4.2 4.6
Albany_NY 1.9 1.3 4.2 0 7.3
Albuquerque 6.1 6.3 4.6 7.3 0




6.7.2.2 Euclidean Distance Matrix for y;, ¥, 3
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Table 6.7.2: Euclidean Distance Matrix for ¥, ¥,, 3, First Five Observations

Euclidean Distance Matrix for y1, y2, y3, First Five Observations

Abilene AKron Albany_GA | Albany NY | Albuquerque
Abilene 0 0.7 2.8 1.5 5.5
AKron 0.7 0 2.9 1.1 5.8
Albany_GA 2.8 2.9 0 3.8 3.4
Albany NY 1.5 1.1 3.8 0 6.9
Albuquerque 5.5 5.8 3.4 6.9 0
6.7.3 Wards Method
6.7.3.1 Choosing k
NbClust, Black-Box Method, Ward, Input Standardized US Crime 2018
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In Figure 6.7.1, the optimal number of clusters is found to be k = 3 for both inputs,
Standardized US Crime 2018 and y4, ¥,, ¥3. We will continue our analysis with k = 3.

6.7.3.2Ward, k = 3

6.7.3.2.1 Ward, k = 3, Cluster Sizes

Table 6.7.3: Ward, k = 3, Cluster Sizes

k=3, Ward, Standardized Crime 2018, Cluster Size
cluster 1 2 3
size 11 48 268
k=3, Ward, y1, y2, y3, Cluster Size
cluster 1 2 3
size 6 72 249

Interestingly, one can see that the cluster sizes for Wards algorithm, in Table 6.7.3,
match the cluster sizes in the k-Means algorithm, for cluster 1 (Table 6.6.1). That is,
cluster 1 has 11 members for k-Means and Wards methods, with respect to input
standardized Crime 2018. In the same way, cluster 1 has 6 members for k-Means
and Wards methods, with respect to input ¥, ¥,, ¥5.Yet, the other assignments for
Wards are not the same as for k-Means. At first glance, it looks like Wards method

produces larger cluster 3’s and smaller cluster 2’s then in the k-Means analysis.

6.7.3.2.2 Ward, k = 3, Difference in Cluster Assignments

Table 6.7.4: Ward, k = 3, Differences in Cluster Assignments

Ward, k=3, Differences in Cluster Assignments
yl,y2,y3
cluster 1 2 3
Standardized 1 6 5 0
Crime 2018 2 0 45 3
3 0 22 246
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Table 6.7.5: Ward, k = 3, Differences in Cluster Assignments for Clusters 1,2,3

Ward, k=3, Differences in Assignments for Cluster 1 and 2
Metropolitan Statistical Area | Standardized Crime 2018 | y1,y2,y3

Albuquerque 1 2
Chicago 1 2
Houston 1 2

Memphis 1 2
Nashville 1 2

Ward, k=3, Differences in Assignments for Cluster 2 and 3
Metropolitan Statistical Area | Standardized Crime 2018 | y1,y2,y3

Dothan 2 3
Jackson_TN 2 3
Lafayette LA 2 3

Ward, k=3, Differences in Assignments for Cluster 3 and 2
Metropolitan Statistical Area | Standardized Crime 2018 | y1,y2,y3
Battle_Creek 3
Billings
Chattanooga
Cleveland
Colorado_Springs
Columbia_SC
Farmington
Fresno
Gainesville_FL
Gulfport
Jackson_MI
Medford
Modesto
Muskegon
Panama_City
Rapid_City
Salt_Lake
San_Francisco
Seattle
Stockton
Tuscaloosa
Warner_Robins

WIWlWlWwWw(WwfWwfwjWwj Wl Wl WlWlWlwWwwWw(wlfwlfw|lw|w
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6.7.3.2.3 Ward, k = 3, Sample Mean Vectors

Table 6.7.6: Ward, k = 3, Sample Cluster Mean Vectors
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Ward, k=3, Standardized Crime 2018, Sample Cluster Mean Vectors
cluster | MURDER| RAPE |ROBBERY|ASSAULT | BURGLARY |LARCENY|VEHICLE
1 22.7091 | 111.782 | 312.0364 | 865.3273 | 811.3909 |3678.564 | 681.509
2 8.33125 | 64.8854 | 103.6271 | 439.1646 | 783.5458 |2451.292 | 348.371
3 3.81493 | 46.0082 | 54.68246 | 215.4007 | 358.2201 | 1543.24 | 172.183
Ward, k=3, y1, y2, y3, Sample Cluster Mean Vectors
cluster | MURDER| RAPE |ROBBERY|ASSAULT | BURGLARY |LARCENY|VEHICLE
1 29.55 153.2 | 316.9833 1010 925.7 4402.25 | 819.6
2 7.72639 | 65.3292 | 113.8458 | 434.8806 | 703.2458 | 2419.354 | 359.553
3 3.76908 | 44.3831 | 52.05863 | 204.6365 | 346.7896 |1490.392 | 158.868
Original Sample Mean Vector for Crime 2018
MURDER| RAPE |[ROBBERY|ASSAULT | BURGLARY |[LARCENY |VEHICLE
5.11 50.99 70.52 270.11 435.9 1748.36 | 215.18

Table 6.7.6 shows that the cluster sample means for Wards method are not very
different than those of the k-Means (Table 6.6.4). Thus, for both inputs we can again
label cluster 3 the below average crime cluster; cluster 2 the above average crime
cluster; and cluster 1 the extreme crime cluster. Despite that similarity to the k-
Means, there are some key differences. First, the cluster 3 sample means for input
Standardized Crime 2018 and input ¥, y,, 5 are larger than the cluster 3 samples
means from the k-Means analysis (Table 6.6.4). Second, the cluster 2 sample means
for input Standardized Crime 2018 and input y;, ¥,, ¥; are larger than the cluster 2
samples means from the k-Means analysis (Table 6.6.4). This can be visualized later
using the cluster assignments plotted on y;, ¥,, ¥5. Third and finally, the sample
mean components for input y;, J,, J3, in Wards, are not systematically larger than
the sample mean components for input Standardized Crime 2018; as they were with

k-Means (Table 6.6.4).
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6.7.3.2.4 Ward, k = 3, Rectangular Dendrograms

Ward, k=3, Input Standardized Crime 2018, Rectangular Dendrogram
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Figure 6.7.2: Ward, k = 3, Input Standardized Crime 2018, Rectangular Dendrogram
In the dendrogram displayed above, Figure 6.7.2, each leaf corresponds to a
metropolitan statistical area. As we move up the tree, areas that are similar to each
other are combined into branches, which are themselves fused at a higher height.
The height of the fusion, provided on the vertical axis, indicates the
similarity/distance between the two objects/clusters. The higher the height of the

fusion, the less similar the objects/clusters are [11].
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Ward, k=3, Input y1, y2, y3, Rectangular Dendrogram
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Figure 6.7.3: Ward, k = 3, Input y;, ¥,, 3, Rectangular Dendrogram

Comparing Figure 6.7.3 to Figure 6.7.4, one can visually see that for input y;, ¥,, ¥,

Wards method produces a larger cluster 2 and a smaller cluster 3.
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6.7.3.2.5 Ward, k = 3, Scatterplots on y;, 95, y3

Ward, k=3, Input Standardized Crime 2018, Plotted on y1,y2, y3
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Figure 6.7.4: Ward, k = 3, Input Standardized Crime 2018, Plotted on ¥, y,, J3

Ward, k=3, Input y1, y2, y3, Plotted on y1,y2, y3
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Figure 6.7.5: Ward, k = 3, Input y;, ¥, ¥3, Plotted on ¥, 5, J3
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Referring to Figure 6.7.4 and Figure 6.7.5, one can see that cluster 3 for input
Standardized Crime 2018 and input y,, y,, ¥3 have become larger compared to their
k-Means counterparts in Figure 6.6.1 and Figure 6.6.2. Therefore, using Wards
algorithm, cluster 3’s centroids, on the J; axis, have shifted to the left. Since J; is the
general crime component, shifting the cluster 3’s to the left, causes the sample mean
components in Table 6.7.6 to increase. This is because the y; eigenvector
components are negative; consequently, areas with larger crime rates will have
more negative scores on J;.

Cluster 2, for input Standardized Crime 2018 and input y;, ¥,, 5 have
become smaller compared to their k-Means counterparts in Figure 6.6.1 and Figure
6.6.2. Since, cluster 2 lost metropolitan statistical areas further to the right with
respect to the y; dimension, the general crime component, the sample mean
components in Table 6.7.6 have also increasing. That is, cluster two lost areas with
lower crime rates to cluster 3. Hence, the sample mean components increase in the

original Crime 2018 dimensions.
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6.7.3.2.6 Ward, k = 3, Scatterplots on Original Crime 2018 Dimensions
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Figure 6.7.6: Ward, k = 3, Input Standardized Crime 2018, Original Crime 2018
For Figure 6.7.6, once can verify that cluster 1, has the largest sample means, cluster
2, has the second largest sample means, and cluster 3, has the smallest cluster

means.
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Figure 6.7.7: Ward, k = 3, Input ;, ¥,, 3, Original Crime 2018
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For Figure 6.7.7, once can verify that cluster 1, has the largest sample means, cluster

2, has the second largest sample means, and cluster 3, has the smallest cluster

means.



216

6.7.4 Average Method
6.7.4.1 Choosing k
NbClust, Black-Box Method, Average, Input Standardized US Crime 2018
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Figure 6.7.8: NbClust, Black-Box Method, Average
In Figure 6.7.8, the optimal number of clusters is found to be k = 3 for input
Standardized US Crime 2018 and k = 2, 3 for input y;, ¥,, ¥5. We will continue our

analysis with k = 3.
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6.7.4.2 Average, k = 3

6.7.4.2.1 Average, k = 3, Cluster Sizes

Table 6.7.7: Average, k = 3, Cluster Sizes

k=3, Average, Standardized Crime 2018, Cluster Size
cluster 1 2 3
size 3 3 321
k=3, Average, y1, y2, y3, Cluster Size
cluster 1 2 3
size 3 3 321

One can see from Table 6.7.7 that the cluster sizes are the same for clusters 1, 2, and
3. We shall see that each cluster also contains the same metropolitan statistical
areas. Therefore, there are no differences in cluster assignments for Average, k = 3.
6.7.4.2.2 Average, k = 3, Sample Mean Vectors

Table 6.7.8: Average, k = 3, Sample Cluster Mean Vectors

Average, k=3, Standardized Crime 2018, Sample Cluster Mean Vectors

cluster | MURDER| RAPE | ROBBERY | ASSAULT |BURGLARY| LARCENY | VEHICLE
1 45.63333| 139.9 374.9 1096.767 863.5 3190.1 | 870.9667

2 13.46667 | 166.5 | 259.0667 | 923.2333 987.9 5614.4 |768.2333

3 4.656698 | 49.081 | 65.91745 | 256.2801 | 426.7424 | 1698.757 | 203.881

Average, k=3,y1,y2, y3, Sample Cluster Mean Vectors

cluster | MURDER| RAPE | ROBBERY | ASSAULT |BURGLARY | LARCENY | VEHICLE
1 45.63333| 139.9 374.9 1096.767 863.5 3190.1 | 870.9667

2 13.46667 | 166.5 | 259.0667 | 923.2333 987.9 5614.4 |768.2333

3 4.656698 | 49.081 | 65.91745 | 256.2801 | 426.7424 | 1698.757 | 203.881

Original Sample Mean Vector for Crime 2018
MURDER| RAPE |[ROBBERY | ASSAULT | BURGLARY | LARCENY | VEHICLE
5.11 50.99 70.52 270.11 435.9 1748.36 | 215.18

Looking at Table 6.7.8 one can see that cluster 3’s sample mean vector components,

using Average method, have very similar values to the original Crime 2018 sample




218
mean vector components. After all, cluster 3 has 321/327 of the metropolitan
statistical areas in its cluster. One could label cluster 3 as the average crime cluster
even though it is likely composed of places with low, medium, and high crime rates.
Cluster 2 and 3 are a bit harder to precisely name. It is clear that, cluster 2 and
cluster 3 have larger sample mean components then cluster 1. Although, one can
say, cluster 1 has the largest sample mean components on murder, robbery, assault,
and vehicle theft. Whereas, cluster 2 has the largest sample mean components on
rape, burglary, and larceny. It would be convenient if the clusters were split by
crime type, but this is not the case.

6.7.4.2.3 Average, k = 3, Rectangular Dendrograms

Average, k=3, Input Standardized Crime 2018, Rectangular Dendrogram

Height

0-
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Figure 6.7.9: Average, k = 3, Input Standardized Crime 2018, Rectangular
Dendrogram

Average, k=3, Input y1, y2, y3, Rectangular Dendrogram

Height

Figure 6.7.10: Average, k = 3, Input ¥,, J,, J3, Rectangular Dendrogram
After reviewing Figure 6.7.9 and Figure 6.7.10, one can see that even though the
dendrograms have the same cluster assignments for k = 3, they do nothave
identical tree structure. Undoubtedly, if one would increase k (increase the number
of clusters), the cluster assignments would change for input Standardized Crime
2018 compared to input y;, ¥,, 3. In Section 6.7.5, we will analytically compare all

combinations of dendrograms with respect to inputs and algorithms.
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6.7.4.2.4 Average, k = 3, Scatterplots on y1, y,, 3

Average, k=3, Input Standardized Crime 2018, Plotted on y1,y2,y3
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Figure 6.7.11: Average, k = 3, Input Standardized Crime 2018, Plotted on ¥, ¥,, 93
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As has been noted, cluster assignments for both inputs are same when k = 3. Hence,
Figure 6.7.11 and Figure 6.7.12 are indistinguishable. Cluster 1 has metropolitan
statistical areas St. Louis, Detroit, and New Orleans. Cluster 2 has metropolitan
statistical areas Myrtle Beach, Anchorage, and Little Rock.

Looking at the left plot ¥,~7;, one can see cluster 1 sits in the upper left
region. In terms of y; (general crime component), we know these areas have been
classified as having extremely high crime rates. In terms of y, (heinous crime
component), we know that these areas will have higher murder rates relative to
rape rapes because the component is dominated by a negative eigenvector
coefficient for rape and a positive eigenvector coefficient for murder. From Figure
6.2.2 (Murder Outliers), one can see that St. Louis, Detroit, and New Orleans have
the largest murder rates of the sample in descending order. One should note that in
Figure 6.2.4 (Rape Outliers), New Orleans ranks third. Therefore, New Orleans is
being pulled back down in the y, direction. Nevertheless, we could cautiously call
cluster 1, the murder cluster.

Continuing to look at the left plot y,~7;, one can see cluster 2 sits in the
lower left region. In terms of y;, we also know these areas have been classified as
having extremely high crime rates. In terms of y,, we know that these areas will
have higher rape rates relative to murder rapes. This is certainly true for Anchorage
and Myrtle Beach because they have the highest rape rates, in descending order,

according to Figure 6.2.4. Little Rock, however, has large crime
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rates on murder and rape; thus, it’s getting pulled up in the y, direction. Regardless,

one could label cluster 2, the rape cluster.

6.7.4.2.5 Average, k = 3, Scatterplots on Original Crime 2018 Dimensions
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Figure 6.7.13: Average, k = 3, Input Standardized Crime 2018, Original Crime 2018
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Figure 6.7.14: Average, k = 3, Input y;, ¥,, 3, Original Crime 2018
From Figure 6.7.13 and Figure 6.7.14, once can see cluster 1 has the largest sample
mean components on murder, robbery, assault, and vehicle theft. While, cluster 2
has the largest sample mean components on rape, burglary, and larceny (as seen in

Table 6.7.8).
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6.7.5 Comparing Ward and Average Dendrograms Using

Tanglegrams

To visually compare two dendrograms, we'll use the tanglegram function (in the R
dendextend package), which plots two dendrograms, side by side, with their labels
connected by lines. Colored lines represent common subtrees between the two
dendrograms, and dashed lines represent unique branches (not common to both

trees).

6.7.5.1 Ward, Input S. Crime 2018 vs. Ward, Input ¥4, y,,y3

Ward, Input S. Crime 2018 Ward, Input y1, y2, y3

ﬁﬂﬁm L

‘?:

3 i
é :
*E

Figure 6.7.15: Ward, Input S. Crime 2018 vs. Ward, Input y;, ¥, ¥5

The tanglegram for Ward input S. Crime 2018 vs. Ward, input ¥, ¥,, ¥5, in Figure
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6.7.15 shows a few common lower initial subtrees where all outer branches are
unique. Thus, different input on same algorithm gives very unique dendrograms in

this analysis.

6.7.5.2 Average, Input S. Crime 2018 vs. Average, Inputy,,y,,y3

Average, Input S. Crime 2018 Average, Input y1, y2, y3

of,.__

cipsesssssssssd

Figure 6.7.16: Average, Input S. Crime 2018 vs. Average, Input y;, ¥,, V3
The tanglegram for Average input S. Crime 2018 vs. Average, input ¥, y,, 3, in
Figure 6.7.16 shows a few more common lower initial subtrees where all outer
branches are unique. Nonetheless, different input on same algorithm gives very

unique dendrograms in this analysis.
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6.7.5.3 Ward, Input S. Crime 2018 vs. Average, Input S. Crime 2018

Ward, Input S. Crime 2018 Average, Input S. Crime 2018
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Figure 6.7.17: Ward, Input S. Crime 2018 vs. Average, Input S. Crime 2018
The tanglegram for Ward input S. Crime 2018 vs. Average input S. Crime 2018 in
Figure 6.7.17 shows many common lower subtrees where all outer branches are
unique. In contrast from the last two tanglegrams, the same inputs on a different

algorithm gives very similar dendrograms.
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6.7.5.4 Ward, Input y,, y,, ¥3 vs. Average, Inputy,,y,, 3

Ward, Input y1, y2, y3 Average, Input y1, y2, y3
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Figure 6.7.18: Ward, Input y,, y,, 3 vs. Average, Input y;, ¥,, 3
The tanglegram for Ward input y,, y,, 3 vs. Average, input y;, ¥,, ¥5 in Figure 6.7.18
shows many common lower subtrees where all outer branches are unique. As one
has noted in the previous tanglegram, the same inputs on a different algorithm gives

very similar dendrograms.
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6.8 Comparison of k-Means, Ward, and Average

We will take a last look at the cluster assignments for k-Means, Ward, and Average

methods on ¥, , and compare their respective cluster sizes.

6.8.1 k-Means, Ward, and Average, k = 3, Scatterplots on

y1,¥- and Cluster Sizes

k-Means, k=3, Input Standardized Crime 2018 k-Means, k=3, Input y1, y2, y3
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Figure 6.8.1: k-Means, Ward, and Average, k = 3, Scatterplots on ¥, y,
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k=3, k-Means, Standardized Crime 2018, Cluster Size k=3, k-Means, y1, y2, y3, Cluster Size
cluster 1 2 3 cluster 1 2 3
size 11 116 200 size 6 109 212
k=3, Ward, Standardized Crime 2018, Cluster Size k=3, Ward, y1, y2, y3, Cluster Size
cluster 1 2 3 cluster 1 2 3
size 11 48 268 size 6 72 249
k=3, Average, Standardized Crime 2018, Cluster Size k=3, Average, y1, y2, y3, Cluster Size
cluster 1 2 3 cluster 1 2 3
size 3 3 321 size 3 3 321

From Figure 6.8.1 and Table 6.8.1, one can see a few general patterns. First, the 6-11
highest crime metropolitan statistical areas are generally in the same cluster, far to
the left in the ¥, direction. With exception of the Average algorithm where the top 6
areas are split by dimension y, (and y5 for that matter). That is, cluster 1, is in the
upper-left region of y,~9; and cluster 2 is in the lower-left region of y,~7,. Next,
comparing k-Means and Ward, k-Means cluster sizes for cluster 2 are larger than
Ward cluster sizes for cluster 2. Conversely, k-Means cluster sizes for cluster 3 are
smaller than Ward cluster sizes for cluster 3. Last, k-Means and Ward are similar
insofar as, for input Standardized Crime 2018, they include Albuquerque, Chicago,
Houston, Memphis, and Nashville into cluster 1. Further, k-Means and Ward, include

Chicago, Houston, Memphis, and Nashville into cluster 2 for input 4, y5, V3.
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Chapter 7

Conclusion and Future Study

There were several interesting findings when conducting our research on the US
Crime 2018 data.

Firstly, many of the extreme univariate outliers also stood out in the
scatterplots of the sample principal components y, ~ ¥; and y; ~ ;. Next, y;, the
general crime componentwas a good point estimator for the overall crime in an
area because it accounted for 63% of the total variability in the Standardized Crime
2018 data and the eigenvector coefficients had approximately equal magnitude with
all negative coefficients. Thus, metropolitan statistical areas with larger crime rates
generally were farther to the left in the y; dimension.

Then, we observed k-Means and Ward algorithms clustered areas with
extreme crime together, above average crime together, and below average crime
together. When viewing these assignments on the sample principal components and
the original Crime 2018 dimensions, we also noticed that the 2-d scatters where
most dense for the below average crime cluster, less dense for the above average
crime cluster, and sparse for the extreme clime cluster. This intuitively makes sense
because the univariate crime variables are right skewed, so in 2-d, clusters become

less dense as crime increases.
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Following this, it was clear when comparing dendrograms for Average and
Wards methods, using the same inputs gave remarkably similar tree structures.
Meanwhile, when using different inputs on the same algorithm, either Average or
Ward, the tree structures were vastly different. This was not expected. Although,
one should remember that the input Standardized Crime 2018 was 7 dimensions
and the input y;, ¥,, 3 was only 3. As a result, we expect that the general tree
structures for agglomerative methods, are more sensitive to dimensionality
differences in the distance calculations then in differences in the link function
criterions.

Largely, this research uncovered metropolitan statistical areas with extreme
crime rates on one or more variables using a combination of univariate and
bivariate analysis, principal components, and clustering. However, what this paper
did not do, was attempt to try to explain the underlying reasons behind these crime
intensities. This is a more nuanced question which necessitates qualitative research
along with quantitative research. One would need to conduct interviews with local
officials, experts in the area, and people in the community. Also, one would need to
research newspaper archives, laws, and get a feel for the culture. Therefore, my
future research may be to choose a single metropolitan statistical area and focus on
one aspect of crime such as looking at why St. Louis has the highest murder rate in
the country or why Myrtle Beach or Anchorage have the highest number of rapes

per 100, 000 residents.
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Finally, Table 7.1 provides all metropolitan statistical areas that could be of interest
for future study that have very high or extremely high crime rates on multiples
variables. The 1st, 2nd, and 3rd highest crime rates are highlighted below.

Table 7.1: Metropolitan Statistical Areas of Interest for Future Study

Metropolitan Statistical Areas of Interest for Future Study
1st Highest Crime Rate, 2nd Highest Crime Rate, 3rd Highest Crime Rate

METRO MURDER| RAPE | ROBBERY | ASSAULT [BURGLARY |[LARCENY | VEHICLE

Albuquerque 9.5 70 238.2 766.9 869.9 2838.9 817.8
Anchorage 8.4 200.1 235.2 819.9 703.4 3342.5 970.9
Baltimore 13.3 38.3 258.4 410.8 399.8 1804.4 266.3
Chicago 20.7 66.1 356.1 563.1 429.8 2379.2 372.6
Detroit 38.9 147.2 344 1477.8 1108.3 2235 961.5
Houston 11.8 53.8 373.6 587 696 2804.6 509.6
Lake_Charles 5.8 63.7 85.8 392.5 1576.1 2852.1 348.4
Little_Rock 20.1 109.4 159.1 1130.5 1043.2 4942.6 562
Memphis 17.2 50.6 254.4 820.3 847.1 2994 430
Myrtle_Beach 11.9 190 382.9 819.3 1217.1 8558.1 771.8
Nashville 13.3 69.9 308.2 721.3 528.3 3034 449
New_Orleans 37.1 171.8 307.5 646.9 5114 3290.3 755.3
St_Louis 60.9 100.7 473.2 1165.6 970.8 4045 896.1
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Appendix
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# US CRIME 2018 Metropolitan Statistical Area
# Thesis
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# US Crime 2018 features

# univariate distribution analysis
# descriptives

L s i

#install.packages("psych", dependencies = TRUE)
Tibrary("psych™)

describe (CRIME_2018_FEAT)
summary (CRIME_2018_FEAT)
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# US Crime 2018 features
# univariate distribution analysis
# Murder

# density, histogram, boxplot, outliers, lower 2.5%
# (percentile) crime, qgplots, and shapiro-wilk tests

P T

#install.packages("lattice"”, dependencies = TRUE)
Tibrary("lattice™)

#install.packages("grideExtra"”, dependencies = TRUE)
Tibrary("gridExtra™)

#install.packages("goft", dependencies = TRUE)
Tibrary("goft")

#install.packages("ggplot2"”, dependencies = TRUE)
Tibrary("ggplot2™)

#install.packages("magrittr"”, dependencies = TRUE)
Tibrary("magrittr™)

#install.packages("ggpubr", dependencies = TRUE)
Tibrary("ggpubr™)

R

# Murder

#install.packages("lattice", dependencies = TRUE)
#library("lattice")

# Density

MURDER_DENSITY <- densityplot(~MURDER, data = US_CRIME_2018,
main="Murder Density Plot",
col = "#00c9f7")

# Histogram

MURDER_HISTOGRAM <- histogram(x=~MURDER,data=US_CRIME_2018,
type="density",
main="Murder Histogram",
col = "#00c9f7",
nint = 50)

# test distribution is normal

shapiro. test(x=US_CRIME_2018 SMURDER)
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127
128
129
130
131
132
S
134
135
136
137
138
139
140
141
142
143
144
145
146

1

1l

# Normal QQ-Plot

MURDER_QQ_QNORM <- qgmath(x=~MURDER, data = US_CRIME_2018,
distribution = gnorm,
prepanel = prepanel.qqmathline,

panel = function(x, ...) {
panel.ggmathline(x, ...)
panel.qgqgmath(x, ...)

main = "Murder Normal QQ-Plot \n SwW-Test p-value = 0",
col = "#00co9f7")

# test distribution is Tlog normal
# 0 1in distribution (cannot compute statistic)

#install.packages("goft", dependencies = TRUE)
#1ibrary("goft")

Tnorm_test(x=US_CRIME_2018 SMURDER)
# Log-Normal QQ-Plot
MURDER_QQ_QLNORM <- qgmath(x=~MURDER, data = US_CRIME_2018,

distribution = gqlnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qggmathline(x, ...)
panel.qggmath(x, ...)

main = "Murder Lognormal QQ-Plot \n Sw-Test p-value = NA",
col = "#00cof7")

FHER S R I S S

# MURDER

# find outliers based on boxplot

outvals_murder <- boxpTot(US_CRIME_2018$MURDER)Sout

which(US_CRIME_20183MURDER %in% outvals_murder)

US_CRIME_2018[c(20, 23, 58, 76, 81, 99, 169, 185, 206, 209, 224, 227, 273, 286),]

sub_murder_outlier <- as.data.frame(US_CRIME_2018[c(20, 23, 58, 76, 81, 99, 169,
185, 206, 209, 224, 227, 273, 286),1)

sub_murder_outlier_order <- order(sub_murder_outlier$MURDER,decreasing = TRUE)
sub_murder_outlier[sub_murder_outlier_order,]

OUTLIER_MURDER <- as.data.frame(sub_murder_outlier[sub_murder_outlier_order,])
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# barplot of outliers for Murder

#install.packages("ggplot2"”, dependencies = TRUE)
# Tibrary("ggplot2")
#install.packages("ggpubr"”, dependencies = TRUE)
# library("ggpubr™)

OUTLIER_MURDER_BAR <- ggplot(OUTLIER_MURDER, aes(x = reorder (CITY,-MURDER),
MURDER)) +

y
geom_bar(fi1l = "#00c9f7", stat = "identity") +
geom_text(aes(label = MURDER), vjust = -0.3) +
theme_pubclean() +
ggtitle("Murder oOutliers of Sample™) =+
x1lab("METRO") + ylab("MURDER per 100,000") +
ggpubr: :rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

TR R NI R N ISR RN
W R #

e i i i
# Murder 2.5th percentile

quantile(US_CRIME_2018$MURDER, .025)

TR N R R N I RTR IR R N IT)

# ordered at or below 2.5th percentile metro statistical
# areas in terms of murder per 100,000

US_CRIME_2018 US_CRIME_2018 $MURDER <= .615,]

sub_by_murder_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_20183%MURDER <= .615,])
sub_by_murder_2_5_order <- order(sub_by_murder_2_53$MURDER,decreasing = FALSE)
sub_by_murder_2_5[sub_by_murder_2_5_order,]

BOTTOM_MURDER <- as.data.frame(sub_by_murder_2_5[sub_by_murder_2_5_order,])
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#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)
#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

# barplot Cities with Murder At or Below 2.5th Percentile in ascending order

BOTTOM_MURDER_BAR <- ggplot(BOTTOM_MURDER , aes(x = reorder (CITY,MURDER), y = MURDER))
geom_bar (fi11l = "#00c9f7", stat = "identity") +
geom_text(aes(label = MURDER), vjust = -0.3) +
theme_pubclean() +
ggtitle("Murder Lower 2.5% of Sample") +
x1ab("METRO") + ylab("MURDER per 100,000") +
ggpubr::rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

WIS R
# Murder barplot with lower 2.5% and outliers

#install.packages("magrittr"”, dependencies = TRUE)
#1ibrary("magrittr™)

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

MURDER_BAR <- ggarrange (BOTTOM_MURDER_BAR,
OUTLIER_MURDER_BAR,
ncol = 2,
nrow = 1)
MURDER_BAR

S BB BB BB B B B B 1B B P B B P B B B B B BB
TR R R I R R R R I A R R R

# US Crime 2018 features
# univariate distribution analysis
# Rape

# density, histogram, boxplot, outliers, lower 2.5%
# (percentile) crime, qgplots, and shapiro-wilk tests

R R RN R NN NN NI ]

#install.packages("lattice"”, dependencies = TRUE)
#library("lattice™)

#install.packages("gridExtra"”, dependencies = TRUE)
#library("grideExtra™)

#install.packages("goft"”, dependencies = TRUE)
#1ibrary("goft™)

#install.packages("ggplot2"”, dependencies = TRUE)
#library("ggplot2"™)

#install.packages("magrittr™, dependencies = TRUE)
#library("magrittr™)

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)
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# Rape

#install.packages("Tattice"”, dependencies = TRUE)
#library("lattice™)

# Density

RAPE_DENSITY <- densityplot(~RAPE, data = US_CRIME_2018,
main="Rape Density Plot",
col = "#b88cdl™)

# Histogram

RAPE_HISTOGRAM <- histogram(x=~RAPE,data=US_CRIME_2018,
type="density",
main="Rape Histogram",
col = "#b88cdl",
nint = 50)

# test distribution 1is normal

shapiro. test(Xx=US_CRIME_2018SRAPE)

# Normal QQ-Plot

RAPE_QQ_QNCRM <- ggmath(x=~RAPE, data = US_CRIME_2018,
distribution = gnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qgmathline(x, ...)
panel.qgmath(x, ...)

main = "Rape Normal QQ-Plot \n Sw-Test p-value = 0",
col = "#b88cdl")

# test distribution is Tlog normal

#install.packages("goft", dependencies = TRUE)
#library("goft™)

Tnorm_test(x=US_CRIME_2018%RAPE)
# Log-Normal QQ-Plot
RAPE_QQ_QLNORM <- ¢gmath(x=~RAPE, data = US_CRIME_2018,

distribution = glnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qgmathline(x, ...)
panel.qgmath(x, ...)

240

main = "Rape Lognormal QQ-Plot \n SW-Test p-value = 0.164",

col = "#b88cdl")
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305 # combine 4 plots rape

306

307 #install.packages('gridExtra™, dependencies = TRUE)
308 # l1ibrary("gridExtra™)

309

310 grid.arrange(RAPE_DENSITY,

311 RAPE_HISTOGRAM,

312 RAPE_QQ_QNORM,

313 RAPE_QQ_QLNORM,

314 ncol=2)

315

316 v AR B R A S
317

318 # RAPE

319

320 # find outliers based on boxplot

321

322 outvals_rape <- boxpTlot(US_CRIME_2018%RAPE)Sout
323

324 which(US_CRIME_20183%RAPE %in% outvals_rape)

325

326 US_CRIME_2018[c(10, 24, 76, 81, 95, 134, 169, 203, 209, 238, 241, 285),]
327
328 sub_rape_outlier <- as.data.frame(US_CRIME_2018[c(10, 24, 76, 81, 95,

329 134, 169, 203, 209,
330 238, 241, 285),1)
331

332 sub_rape_outlier_order <- order(sub_rape_outlierSRAPE,decreasing = TRUE)
333

334 sub_rape_outlier[sub_rape_outlier_order,]

335

336 OUTLIER_RAPE <- as.data.frame(sub_rape_outlier[sub_rape_outlier_order,])

338 # barplot of outliers for Rape

339

340 #install.packages("ggplot2", dependencies = TRUE)

341 # Tlibrary('ggplot2™)

342 #install.packages("ggpubr™, dependencies = TRUE)

343 # Tlibrary("ggpubr")

344

345 OUTLIER_RAPE_BAR <- ggplot(OUTLIER_RAPE, aes(x = reorder(CITY,-RAPE), ¥ = RAPE)) +
346 geom_bar (fi11 = "#b88cdl", stat = "identity") +

347 geom_text(aes(label = RAPE), vjust = -0.3) +

348 theme_pubclean() +

349 ggtitle("Rape Outliers of Sample™) +

350 x1ab("METRO") + ylab("RAPE per 100,000™) +

351 ggpubr: :rotate_x_text() +

352 theme(plot.title = element_text(hjust = 0.5))

353
354
355
356 # Rape 2.5th percentile

357

358 quantile(US_CRIME_2018%RAPE, .025)
359

360 « HELHHESEEEES TS
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362 # at or below 2.5th percentile metro statistical areas in terms of rape per 100,000
363

364 US_CRIME_2018[US_CRIME_20183%RAPE <= 19.375,]

365

366 sub_by_rape_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_2018SRAPE <= 19.375,])
367

368 sub_by_rape_2_5_order <- order(sub_by_rape_2_5SRAPE,decreasing = FALSE)

369

370 sub_by_rape_2_5[sub_by_rape_2_5_order,]

371

372 BOTTOM_RAPE <- as.data.frame(sub_by_rape_2_5[sub_by_rape_2_5_order,]1)

373

374 #install.packages("ggplot2", dependencies = TRUE)

375 #library("ggplot2™)

376 #install.packages("ggpubr", dependencies = TRUE)

377 #library("ggpubr™)

378

379 # barplot Cities with RAPE At or Below 2.5th Percentile in ascending order

380

381 BOTTOM_RAPE_BAR <- ggplot(BOTTOM_RAPE , aes(x = reorder(CITY,RAPE), v = RAPE)) +
382 geom_bar (fil1l = "#b88cdl", stat = "identity") +

383 geom_text(aes(label = RAPE), vjust = -0.3) +

384 theme_pubclean() +

385 ggtitle("Rape Lower 2.5% of Sample™) +

386 xT1ab ("METRO") + ylab("RAPE per 100,000") +

387 ggpubr: :rotate_x_text() +

388 theme(plot.title = element_text(hjust = 0.5))

389

390 ~ #H#RHREEEER

392 # Rape barplot with lower 2.5% and outliers

393

394 #install.packages("magrittr", dependencies = TRUE)
395 #library("magrittr'™)

396 #install.packages("ggpubr”, dependencies = TRUE)
397 #library("ggpubr™)

398

399 RAPE_BAR <- ggarrange (BOTTOM_RAPE_BAR,

400 OUTLIER_RAPE_BAR,

401 ncol = 2,

402 nrow = 1)

403 RAPE_BAR

404
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# US Crime 2018 features
# univariate distribution analysis
# Robbery

# density, histogram, boxplot, outliers, Tower 2.5%
# (percentile) crime, qgplots, and shapiro-wilk tests

FHEEFEE I I I

#install.packages("lattice"”, dependencies = TRUE)
#library("lattice™)

#install.packages("gridextra"”, dependencies = TRUE)
#library("gridExtra')

#install.packages("goft", dependencies = TRUE)
#library("goft™)

#install.packages("ggplot2”, dependencies = TRUE)
#1ibrary("ggplot2™)

#install.packages("magrittr", dependencies = TRUE)
#library("magrittr™)

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

A

# ROBBERY

#install.packages("lattice™, dependencies = TRUE)
#library("lattice™)

# Density

ROBBERY_DENSITY <- densityplot(~ROBBERY, data = US_CRIME_2018,
main="Robbery Density Plot",
col = "#7449F7")

# Histogram

ROBBERY_HISTOGRAM <- histogram(x=~ROBBERY,data=US_CRIME_2018,
type="density",
main="Robbery Histogram",
cal = "#7449f7",
nint = 50)

# test distribution is normal

shapiro.test(x=US_CRIME_2018 ROBBERY)

243



244

462 # Normal QQ-Plot

463

464 ROBBERY_QQ_QNORM <- qgmath(x=~ROBBERY, data = US_CRIME_2018,
465 distribution = gnorm,

466 prepanel = prepanel.qgmathline,
467 - panel = function(x, ...) {

468 panel.ggmathline(x, ...)

469 panel.ggmath(x, ...)

470 s

471 main = "Robbery Normal QQ-PTot \n Sw-Test p-value = 0",
472 col = "#7449F7")

473

474 # test distribution is Tlog normal

475

476 #install.packages("goft", dependencies = TRUE)
477 #library("goft™)

478

479 Tnorm_test(x=US_CRIME_2018%ROBBERY)

480

481 # Log-Normal QQ-Plot

482

483 ROBBERY_QQ_QLNORM <- qgmath(x=~ROBBERY, data = US_CRIME_2018,
484 distribution = gqlnorm,

485 prepanel = prepanel.qgmathline,
486 - panel = function(x, ...) {

487 panel.qgmathline(x, ...)

488 panel.ggmath(x, ...)

489 ,

490 main = "Robbery Lognormal QQ-Plot \n SW-Test p-value = 0",
491 col = "#7449F7")

493 # combine 4 plots robbery

494

495 #install.packages("gridextra™, dependencies = TRUE)
496 # Tibrary("gridextra™)

497

498 grid.arrange (ROBBERY_DENSITY,

499 ROBBERY_HISTOGRAM,

500 ROBBERY_QQ_QNORM,

501 ROBBERY_QQ_QLNQORM,

502 ncol=2)

503

S04 - HHHEHEHE R

505

506 # ROBBERY

507

508 # find outliers based on boxplot

509

510 outvals_robbery <- boxplot(US_CRIME_20183ROBBERY) Sout
511

512 which(US_CRIME_20183%ROBBERY %in% Outvals_robbery)
513

514 US_CRIME_2018[c(5, 10, 20, 58, 81, 130, 185, 203, 206, 209, 224, 259, 286, 287),]
515
516 sub_robbery_outlier <- as.data.frame(US_CRIME_2018[c(5, 10, 20, 58, 81,

517 130, 185, 203, 206,
518 209, 224, 259, 286, 287),1)
519

520 sub_robbery_outlier_order <- order(sub_robbery_outlierfROBBERY,decreasing = TRUE)
521

522 sub_robbery_outlier[sub_robbery_outlier_order,]
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OUTLIER_ROBBERY <- as.data.frame(sub_robbery_outlier[sub_robbery_outlier_order,])

# barplot of outliers for Robbery

#install.packages('ggplot2"”, dependencies = TRUE)
# Tlibrary("ggplot2™)
#install.packages("ggpubr", dependencies = TRUE)
# T1ibrary("ggpubr™)

OUTLIER_ROBBERY_BAR <- ggplot(OUTLIER_ROBBERY, aes(x = reorder (CITY,-ROBBERY),

y = ROBBERY)) +
geom_bar (fill = "#7449f7", stat = "identity") +
geom_text(aes(label = ROBBERY), vjust = -0.3) +
theme_pubclean() +
ggtitle("Robbery Outliers of Sample™) +
x1ab("METRO") + ylab("ROBBERY per 100,000") +
ggpubr::rotate_x_text() +
theme(plot.title = element_textchjust = 0.5))

RER SR
# Robbery 2.5th percentile

quantile(US_CRIME_20183ROBBERY, .025)

A BB
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# at or below 2.5th percentile metro statistical areas in terms of robbery per 100,000

US_CRIME_2018[US_CRIME_201835ROBBERY <= 9.73,]

sub_by_robbery_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_2018%ROBBERY <= 9.73,])

sub_by_robbery_2_5_order <- order(sub_by_robbery_2_5SROBBERY,decreasing = FALSE)

sub_by_robbery_2_5[sub_by_robbery_2_5_order,]

BOTTOM_ROBBERY <- as.data.frame(sub_by_robbery_2_5[sub_by_raobbery_2_5_order,])
#install.packages("ggplot2", dependencies = TRUE)

#Tibrary("ggplot2")

#install.packages("ggpubr", dependencies = TRUE)

#library("ggpubr™)

# barplot Cities with ROBBERY At or Below 2.5th Percentile in ascending order

BOTTOM_ROBBERY_BAR <- ggplot(BOTTOM_ROBBERY , aes(x
y

geom_bar (fill = "#7449f7", stat = "identity") +
geom_text(aes(label = ROBBERY), vjust = -0.3) +
theme_pubclean() +
ggtitle("Robbery Lower 2.5% of Sample") +
x1ab("METRO") + ylab("ROBBERY per 100,000") +
ggpubr::rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

reorder (CITY,ROBBERY),
ROBBERY)) +
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# Robbery barplot with Tower 2.5% and outliers

#install.packages("magrittr"”, dependencies = TRUE)
#library("magrittr")

#install.packages("ggpubr", dependencies = TRUE)
#1ibrary("ggpubr™)

ROBBERY_BAR <- ggarrange(BOTTOM_ROBBERY_BAR,
OUTLIER_ROBBERY_BAR,
ncol = 2,
nrow = 1)
ROBBERY_BAR

HHEE I R
HHEE I R

# US Crime 2018 features
# univariate distribution analysis
# Assault

# density, histogram, boxplot, outliers, Tower 2.5%
# (percentile) crime, qgplots, and shapiro-wilk tests

fGda e aiisaaa s

#install.packages("lattice"”, dependencies = TRUE)
#library("lattice")

#install.packages("gridextra"”, dependencies = TRUE)
#1ibrary("gridextra™)

#install.packages("goft", dependencies = TRUE)
#library("goft")

#install.packages("ggplot2"”, dependencies = TRUE)
#1ibrary("ggplot2™)

#install.packages("magrittr", dependencies = TRUE)
#library ("magrittr")

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

HHEHER I
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# Assault

#install.packages("lattice", dependencies = TRUE)
#library("lattice™)

# Density

ASSAULT_DENSITY <- densityplot(~ASSAULT, data = US_CRIME_2018,
main="Assault Density Plot",
col = "#ca3886")

# Histogram

ASSAULT_HISTOGRAM <- histogram(x=~ASSAULT,data=US_CRIME_2018,
type="density",
main="Assault Histogram",
col = "#ca3886",
nint = 50)

# test distribution is normal

shapiro. test(x=US_CRIME_201835ASSAULT)

# Normal QQ-Plot

ASSAULT_QQ_QNORM <- ggmath(x=~ASSAULT, data = US_CRIME_2018,
distribution = gnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qgmathline(x, ...)
panel.qgmath(x, ...)

main = "Assault Normal QQ-Plot \n SW-Test p-value = 0",
col = "#ca3886")

# test distribution is log normal

#install.packages("goft", dependencies = TRUE)
#library("goft™)

Tnorm_test(Xx=US_CRIME_2018 SASSAULT)
# Log-Normal QQ-Plot
ASSAULT_QQ_QLNORM <- qggmath(x=~ASSAULT, data = US_CRIME_2018,

distribution = glnorm,
prepanel = prepanel.qggmathline,

panel = function(x, ...) {
panel.qgmathline(x, ...)
panel.qgmath(x, ...)

main = "Assault Log-Normal QQ-Plot \n Sw-Test p-value = 0.3352",
col = "#ca3886")
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# combine 4 plots robbery

#install.packages("gridextra"”, dependencies = TRUE)
# Tibrary("gridextra™)

grid.arrange (ASSAULT_DENSITY,
ASSAULT_HISTOGRAM,
ASSAULT_QQ_QNORM,
ASSAULT_QQ_QLNORM,
ncol=2)

HAHAH R R R B R R A ARG R R 1

# ASSAULT

# Tind outliers based on boxplot

outvals_assault <- boxplot(US_CRIME_20183ASSAULT)Sout
which(US_CRIME_2018$ASSAULT %in% oOutvals_assault)

US_CRIME_2018[c(3, 5, 6, 10, 12, 76, 81, 95, 120, 130, 169, 174, 185, 203,
206, 209, 214, 227, 286, 318),]

sub_assault_outlier <- as.data.frame(US_CRIME_2018[c(3, 5, 6, 10, 12, 76, 81,
95, 120, 130, 169, 174, 185,
203, 206, 209, 214, 227,
286, 318),1)

sub_assault_outlier_order <- order(sub_assault_outlier$ASSAULT,decreasing = TRUE)

sub_assault_outlier[sub_assault_outlier_order,]
OUTLIER_ASSAULT <- as.data.frame(sub_assault_outlier[sub_assault_outlier_order,]1)
# barplot of outliers for Assault

#install.packages("ggplot2", dependencies = TRUE)
# 1ibrary("ggplot2™)
#install.packages('ggpubr”, dependencies = TRUE)
# l1ibrary("ggpubr™)

OUTLIER_ASSAULT_BAR <- ggpTlot(OUTLIER_ASSAULT, aes(x
y

geom_bar (i1l = "#ca3886", stat = "identity") +
geom_text(aes(label = ASSAULT), vjust = -0.3) +
theme_pubclean() +
ggtitle("Assault outliers of Sample") +
x1ab("METRO") + ylab("ASSAULT per 100,000") +
ggpubr: :rotate_x_text() =+
theme(plot.title = element_text(hjust = 0.5))

reorder (CITY,-ASSAULT),
ASSAULT)) +

R
# Assault 2.5th percentile

quantile(US_CRIME_20185ASSAULT, .025)
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# at or below 2.5th percentile metro statistical areas in terms of assault per 100,000
US_CRIME_2018[US_CRIME_2018SASSAULT <= 61.59,]

sub_by_assault_2_5 <- as.data.frame(US_CRIME_2018 [US_CRIME_2018$ASSAULT <= 61.59,])
sub_by_assault_2_5_order <- order(sub_by_assault_2_5SASSAULT,decreasing = FALSE)
sub_by_assault_2_5[sub_by_assault_2_5_order,]

BOTTOM_ASSAULT <- as.data.frame(sub_by_assault_2_5[sub_by_assault_2_5_order,])
#install.packages('ggplot2"”, dependencies = TRUE)

#library("ggplot2™)

#install.packages("ggpubr”, dependencies = TRUE)

#library("ggpubr™)

# barplot Cities with ASSAULT At or Below 2.5th Percentile in ascending order

BOTTOM_ASSAULT_BAR <- ggplot(BOTTOM_ASSAULT , aes(x
y

geom_bar (fi11 = "#ca3886", stat = "identity") +
geom_text(aes(label = ASSAULT), vjust = -0.3) +
theme_pubclean() +
ggtitle("Assault Lower 2.5% of Sample™) +
x1ab("METRO™") + ylab("ASSAULT per 100,000") +
ggpubr: :rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

reorder (CITY,ASSAULT),
ASSAULT)) +

HARBBERR R

# Assault barplot with Tower 2.5% and outliers

#install.packages("magrittr", dependencies = TRUE)
#library("magrittr™)

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

ASSAULT_BAR <- ggarrange(BOTTOM_ASSAULT_BAR,
OUTLIER_ASSAULT_BAR,
ncol = 2,
nrow = 1)
ASSAULT_BAR
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# US Crime 2018 features
# univariate distribution analysis
# Burglary

# density, histogram, boxplot, outliers, lower 2.5%
# (percentile) crime, ggplots, and shapiro-wilk tests

R

#install.packages("lattice"”, dependencies = TRUE)
#library("lattice™)

#install.packages("gridextra”, dependencies = TRUE)
#library ("gridextra™)

#install.packages("goft"”, dependencies = TRUE)
#library("goft™)

#install.packages("ggplot2"”, dependencies = TRUE)
#1ibrary("ggplot2™)

#install.packages("magrittr", dependencies = TRUE)
#library("magrittr")

#install.packages("ggpubr", dependencies = TRUE)
#1ibrary("ggpubr™)

LA L I L I B T B B A A

# Burglary

#install.packages("lattice"”, dependencies = TRUE)
#library("Tlattice™)

# Density

BURGLARY_DENSITY <- densityplot(~BURGLARY, data = US_CRIME_2018,
main="Burglary Density Plot"™,
col = "#2b507c")

# Histogram

BURGLARY_HISTOGRAM <- histogram(x=~BURGLARY,data=US_CRIME_2018,
type="density",
main="Burglary Histogram",
col = "#2b507c",
nint = 50)

# test distribution is normal

shapiro. test(x=US_CRIME_2018 SBURGLARY)
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844 # Normal QQ-Plot

845

846 BURGLARY_QQ_QNORM <- qqgmath(x=~BURGLARY, data = US_CRIME_2018,
847 distribution = gnorm,

848 prepanel = prepanel.ggmathline,
849 - panel = function(x, ...) {

850 panel.qggmathline(x, ...)

851 panel.qgmath(x, ...)

852 1,

853 main = "Burglary Normal QQ-Plot \n SW-Test p-value = 0",
854 col = "#2b507c")

855

856 # test distribution is log normal

857

858 #install.packages("goft"”, dependencies = TRUE)
859 #library("goft™)

860

861 Tnorm_test(x=US_CRIME_20185BURGLARY)

862

863 # Log-Normal QQ-Plot

864

865 BURGLARY_QQ_QLNORM <- ¢qmath(x=~BURGLARY, data = US_CRIME_2018,
866 distribution = glnorm,

867 prepanel = prepanel.qgmathline,
868 - panel = function(x, ...) {

869 panel.qgmathline(x, ...)

870 panel.qgmath(x, ...)

871 1,

872 main = "Burglary Log-Normal QQ-Plot \n SwW-Test p-value = 0.4335",
873 col = "#2b507c™)

875 # combine 4 plots burglary

876

877 #install.packages("gridextra"”, dependencies = TRUE)

878 # Tlibrary("gridExtra™)

879

880 grid.arrange(BURGLARY_DENSITY,

881 BURGLARY_HISTOGRAM,

882 BURGLARY_QQ_QNCRM,

883 BURGLARY_QQ_QLNORM,

884 ncol=2)

885

886 - H###HHH S HHHHEHEH R i

887

888 # BURGLARY

889

890 # find outliers based on boxplot

891

892 outvals_burglary <- boxplot(US_CRIME_20183BURGLARY)jout

893

894 which(US_CRIME_20183BURGLARY %in% oOutvals_burglary)

895

896 US_CRIME_2018[c(6, 81, 120, 128, 142, 155, 169, 196, 203, 227, 263),]
897

898 sub_burglary_outlier <- as.data.frame(US_CRIME_2018[c(6, 81, 120, 128,
899 142, 155, 169, 196,
900 203, 227, 263),1)
901

902 sub_burglary_outlier_order <- order(sub_burglary_outlier$BURGLARY,decreasing = TRUE)
903

904 sub_burglary_outlier[sub_burglary_outlier_order,]

905

906 OUTLIER_BURGLARY <- as.data.frame(sub_burglary_outlier[sub_burglary_outlier_order,])
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# barplot of outliers for Burglary

#install.packages("ggplot2”, dependencies = TRUE)
# Tibrary("ggplot2")
#install.packages("ggpubr", dependencies = TRUE)
# Tibrary("ggpubr™)

reorder (CITY,-BURGLARY),
BURGLARY)) +

OUTLIER_BURGLARY_BAR <- ggplot(OUTLIER_BURGLARY, aes(Xx
y

geom_bar(fill = "#2b507c", stat = "identity") +
geom_text(aes(label = BURGLARY), vjust = -0.3) +
theme_pubclean() +

ggtitle("Burglary outliers of Sample") +
x1ab("METRO") + ylab("BURGLARY per 100,000") +
ggpubr: :rotate_x_text() +

theme(plot.title = element_textchjust = 0.5))

R
# Burglary 2.5th percentile

quantile(US_CRIME_2018 $BURGLARY, .025)

RN RIS R R RN R RIR

# at or below 2.5th percentile metro statistical areas in terms of burglary per 100,000
US_CRIME_2018[US_CRIME_20183%BURGLARY <= 137.430,]

sub_by_burglary_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_2018$BURGLARY <= 137.430,])
sub_by_burglary_2_5_order <- order(sub_by_burglary_2_53BURGLARY,decreasing = FALSE)
sub_by_burglary_2_5[sub_by_burglary_2_5_order,]

BOTTOM_BURGLARY <- as.data.frame(sub_by_burglary_2_5[sub_by_burglary_2_5_order,]1)
#install.packages("ggplot2", dependencies = TRUE)

#library("ggplot2™)

#install.packages("ggpubr", dependencies = TRUE)

#1ibrary ("ggpubr™)

# barplot Cities with BURGLARY At or Below 2.5th Percentile in ascending order

reorder (CITY,BURGLARY),
BURGLARY)) +

BOTTOM_BURGLARY_BAR <- ggplot(BOTTOM_BURGLARY , aes(X
y

geom_bar (fi11 = "#2b507¢", stat = "identity") +
geom_text(aes(label = BURGLARY), vjust = -0.3) +
theme_pubclean() +

ggtitle("Burglary Lower 2.5% of Sample™) +

X1ab ("METRO") + ylab("BURGLARY per 100,000™) +
ggpubr::rotate_x_text() +

theme(plot.title = element_textChjust = 0.5))

962 - #EEHEEEEFREEEEEESESSE
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# Burglary barplot with lower 2.5% and outliers

#install.packages("magrittr"”, dependencies = TRUE)
#library("magrittr™)

#install.packages("ggpubr"”, dependencies = TRUE)
#1ibrary("ggpubr™)

BURGLARY_BAR <- ggarrange (BOTTOM_BURGLARY_BAR,
OUTLIER_BURGLARY_BAR,
ncol = 2,
nrow = 1)
BURGLARY_BAR

HHH R R I
HHH R R I R I I

# US Crime 2018 features
# univariate distribution analysis
# Larceny

# density, histogram, boxplot, outliers, lower 2.5%
# (percentile) crime, gqgplots, and shapiro-wilk tests

HHEER I

‘

#install.packages("lattice", dependencies = TRUE)
#library("lattice™)

#install.packages("gridextra"”, dependencies = TRUE)
#library("gridextra")

#install.packages("goft"”, dependencies = TRUE)
#library("goft™)

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2™)

#install.packages("magrittr"”, dependencies = TRUE)
#library("magrittr")

#install.packages("ggpubr"”, dependencies = TRUE)
#1ibrary("ggpubr™)

v BRI
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# Larceny

#install.packages("lattice"”, dependencies = TRUE)
#library("lattice™)

# Density

LARCENY_DENSITY <- densityplot(-~LARCENY, data = US_CRIME_2018,
main="Larceny Density Plot",
col = "#ff743b")

# Histogram

LARCENY_HISTOGRAM <- histogram(x=~LARCENY,data=US_CRIME_2018,
type="density",
main="Larceny Histogram",
col = "#ff743b",
nint = 50)

# test distribution is normal

shapiro. test(x=US_CRIME_2018 SLARCENY)

# Normal QQ-Plot

LARCENY_QQ_QNORM <- qgmath(x=~LARCENY, data = US_CRIME_2018,
distribution = gnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qgmathline(x, ...)
panel.qgmath(x, ...)

s

main = "Larceny Normal QQ-Plot \n SW-Test p-value = 0",
col = "#ff743b™)

# test distribution is log normal

#install.packages("goft", dependencies = TRUE)
#1ibrary("goft"™)

Tnorm_test(x=US_CRIME_201835LARCENY)
# Log-Normal QQ-Plot
LARCENY_QQ_QLNORM <- qgmath(x=~LARCENY, data = US_CRIME_2018,

distribution = glnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.qggmathline(x, ...)
panel.qggmath(x, ...)
main = "Larceny Log-Normal QQ-Plot \n SwW-Test p-value = 0.04679",

col = "#ff743b™)
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# combine 4 plots larceny

#install.packages("gridextra™, dependencies = TRUE)
# Tibrary("gridextra")

grid.arrange (LARCENY_DENSITY,
LARCENY_HISTOGRAM,
LARCENY_QQ_QNORM,
LARCENY_QQ_QLNORM,
ncol=2)

B i i

# LARCENY
# find outliers based on boxplot
outvals_larceny <- boxplot(US_CRIME_20183LARCENY)jout
which (US_CRIME_2018 LARCENY %in% outvals_Tlarceny)
US_CRIME_2018[c(10, 93, 96, 169, 203, 209, 276, 286, 292),]
sub_larceny_outlier <- as.data.frame(US_CRIME_2018[c(10, 93,
96, 169, 203, 209,
276, 286, 292),1)
sub_larceny_outlier_order <- order(sub_larceny_outlier$LARCENY,decreasing = TRUE)

sub_larceny_outlier[sub_larceny_outlier_order,]

OUTLIER_LARCENY <- as.data.frame(sub_larceny_outlier[sub_larceny_outlier_order,])

# barplot of outliers for Larceny

#install.packages("ggplot2", dependencies = TRUE)
# library("ggplot2")
#install.packages("ggpubr", dependencies = TRUE)
# Tlibrary("ggpubr™)

OUTLIER_LARCENY_BAR <- ggpTlot(OUTLIER_LARCENY, aes(Xx
y

reorder (CITY,-LARCENY),
LARCENY)) +

geom_bar (fi11 = "#ff743b", stat = "identity") +

geom_text(aes(label = LARCENY), vjust = -0.3) +

theme_pubclean() +

ggtitle("Larceny oOutliers of Sample") +

xlab("METRQO") + ylab("LARCENY per 100,000") +

ggpubr: :rotate_x_text() +

theme (plot.title = element_text(hjust = 0.5))

BRERBRRR SRR
# Larceny 2.5th percentile

quantile (US_CRIME_201835LARCENY, .025)

1120 - R
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# at or below 2.5th percentile metro statistical areas in terms of larceny per 100,000
US_CRIME_2018[US_CRIME_2018SLARCENY <= 806.320,]

sub_by_larceny_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_20Ll83%LARCENY <= 806.320,]1)
sub_by_larceny_2_5_order <- order(sub_by_Tarceny_2_5SLARCENY,decreasing = FALSE)
sub_by_larceny_2_5[sub_by_Tlarceny_2_5_order,]

BOTTOM_LARCENY <- as.data.frame(sub_by_larceny_2_5[sub_by_Tlarceny_2_5_order,])
#install.packages("ggplot2"”, dependencies = TRUE)

#library("ggplot2")

#install.packages("ggpubr”, dependencies = TRUE)

#1ibrary("ggpubr™)

# barplot Cities with LARCENY At or Below 2.5th Percentile in ascending order

BOTTOM_LARCENY_BAR <- ggplot(BOTTOM_LARCENY , aes(x
y

geom_bar (fill = "#ff743b", stat = "identity") +
geom_text(aes(label = LARCENY), vjust = -0.3) +
theme_pubclean() +
ggtitle("Larceny Lower 2.5% of Sample”) +
x1ab("METRO™) + ylab("LARCENY per 100,000") +
ggpubr::rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

reorder (CITY,LARCENY),
LARCENY)) +

R S e s

# Larceny barplot with Tower 2.5% and outliers

#install.packages("magrittr"”, dependencies = TRUE)
#library("magrittr™)

#install.packages("ggpubr"”, dependencies = TRUE)
#library("ggpubr™)

LARCENY_BAR <- ggarrange (BOTTOM_LARCENY_BAR,
OUTLIER_LARCENY_BAR,
ncol = 2,
nrow = 1)
LARCENY_BAR

HHHHEE I B B I I
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# US Crime 2018 features
# univariate distribution analysis
# vehicle

# density, histogram, boxplot, outliers, Tower 2.5%
# (percentile) crime, qgplots, and shapiro-wilk tests

LI IR A

#install.packages("lattice", dependencies = TRUE)
#library("lattice™)

#install.packages("gridextra", dependencies = TRUE)
#library("gridextra")

#install.packages("goft", dependencies = TRUE)
#library("goft")

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2")

#install.packages("magrittr", dependencies = TRUE)
#library("magrittr")

#install.packages("ggpubr", dependencies = TRUE)
#library("ggpubr™)

HRRRERER

# Vvehicle

#install.packages("Tlattice"”, dependencies = TRUE)
#library("lattice™)

# Density

VEHICLE_DENSITY <- densityplot(~VEHICLE, data = US_CRIME_2018,
main="vehicle Density Plot",
col = "#c82300")

# Histogram

VEHICLE_HISTOGRAM <- histogram(x=~VEHICLE,data=US_CRIME_2018,
type="density",
main="Vehicle Histogram",
col = "#c82300",
nint = 50)

# test distribution 1is normal

shapiro.test(x=US_CRIME_20183VEHICLE)
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# Normal QQ-Plot

VEHICLE_QQ_QNORM <- qqmath(x=~VEHICLE, data = US_CRIME_2018,
distribution = gnorm,
prepanel = prepanel.qgmathline,

panel = function(x, ...) {
panel.ggmathline(x, ...)
panel.qgmath(x, ...)

main = "vehicle Normal QQ-Plot \n Sw-Test p-value = 0",
col = "#c82300")

# test distribution is log normal

#install.packages("goft"”, dependencies = TRUE)
#1ibrary("goft™)

Tnorm_test(x=US_CRIME_20183VEHICLE)
# Log-Normal QQ-Plot
VEHICLE_QQ_QLNORM <- qgmath(x=~VEHICLE, data = US_CRIME_2018,

distribution = dqlnorm,
prepanel = prepanel.qggmathline,

panel = function(x, ...) {
panel.qggmathTline(x, ...)
panel.qgmath(x, ...)

main = "vehicle Log-Normal QQ-Plot \n Sw-Test p-value = 0.03367",
col = "#c82300")

# combine 4 plots vehicle

#install.packages("gridextra”, dependencies = TRUE)
# Tibrary("gridextra™)

grid.arrange (VEHICLE_DENSITY,
VEHICLE_HISTOGRAM,
VEHICLE_QQ_QNORM,
VEHICLE_QQ_QLNCRM,
ncol=2)

e B e i i i i

# VEHICLE

# find outliers based on boxplot

outvals_vehicle <- boxplot(US_CRIME_20183VEHICLE)Sout
which(US_CRIME_2018SVEHICLE %in% oOutvals_vehicle)
US_CRIME_2018[c(5, 10, 19, 81, 169, 203, 209, 238, 286),]

sub_vehicle_outlier <- as.data.frame(US_CRIME_2018[c(5, 10, 19, 81, 169,
203, 209, 238, 286),1)

sub_vehicle_outlier_order <- order(sub_vehicle_outlier$SVEHICLE,decreasing = TRUE)
sub_vehicle_outlier[sub_vehicle_outlier_order,]

OQUTLIER_VEHICLE <- as.data.frame(sub_vehicle_outlier[sub_vehicle_outlier_order,]1)
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# barplot of outliers for Vvehicle

#install.packages('ggplot2"”, dependencies = TRUE)
# Tibrary("ggplot2")
#install.packages("ggpubr"”, dependencies = TRUE)
# Tibrary("ggpubr™)

OUTLIER_VEHICLE_BAR <- ggplot(OUTLIER_VEHICLE, aes(x
y

geom_bar (fi1l = "#c82300", stat = "identity") +
geom_text(aes(label = VEHICLE), vjust = -0.3) +
theme_pubclean() +
ggtitle("vehicle Outliers of Sample™) +
x1ab("METRO") + ylab("VEHICLE per 100,000") +
ggpubr::rotate_x_text() +
theme(plot.title = element_text(hjust = 0.5))

reorder (CITY,-VEHICLE),
VEHICLE)) +

RN RN RN N N RN R RN

# Vehicle 2.5th percentile
quantile(US_CRIME_20183VEHICLE, .025)

H# R

# at or below 2.5th percentile metro statistical areas in terms of vehicle per 100,000
US_CRIME_2018 [US_CRIME_2018SVEHICLE <= 36.430,]

sub_by_vehicle_2_5 <- as.data.frame(US_CRIME_2018[US_CRIME_20183%VEHICLE <= 36.430,1)
sub_by_vehicle_2_5_order <- order(sub_by_larceny_2_S5$VEHICLE,decreasing = FALSE)
sub_by_vehicle_2_5[sub_by_vehicle_2_5_order,]

BOTTOM_VEHICLE <- as.data.frame(sub_by_vehicle_2_5[sub_by_larceny_2_5_order,])
#install.packages("ggplot2"”, dependencies = TRUE)

#library("ggplot2™)

#install.packages("ggpubr"”, dependencies = TRUE)

#library ("ggpubr™)

# barplot Cities with VEHICLE At or Below 2.5th Percentile in ascending order
BOTTOM_VEHICLE_BAR <- ggplot(BOTTOM_VEHICLE , aes(x = reorder(CITY,VEHICLE),
= VEHICLE)) +
geom_bar(fill = "#c82300", stat = "identity") +

geom_text(aes(label = VEHICLE), vjust = -0.3) +

theme_pubclean() +

ggtitle("vehicle Lower 2.5% of Sample") +

x1ab("METRO") + ylab("VEHICLE per 100,000") +

ggpubr::rotate_x_text() +

theme(plot.title = element_text(hjust = 0.5))

1341 - #i######HHAH
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# vehicle barplot with lower 2.5% and outliers

#install.packages("magrittr"”, dependencies = TRUE)
#library("magrittr")

#install.packages("ggpubr"”, dependencies = TRUE)
#1ibrary("ggpubr™)

VEHICLE_BAR <- ggarrange (BOTTOM_VEHICLE_BAR,
OUTLIER_VEHICLE_BAR,
ncol = 2,
nrow = 1)
VEHICLE_BAR

R R R R B R R R R R R R R R R R R
IR
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# US Crime 2018 features

# correlation matrix

LR B I g AL L L B

#install.packages("ggplot2"”, dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
Tibrary("GGally")

R
# correlation matrix
# Custom options.

ggcorr(
CRIME_2018_FEAT,
label = TRUE,
name = "Sample Correlation™,
geom "circle",
max_size = 20,
min_size = 4,

size = 4,
hjust = 0.75,
nbreaks = 6,
angle = 0,

palette "PUOr™)
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1392

1393 # US Crime 2018 features

1394

1395 # contour plots and ggpairs 2d combination plots

1396

1397 - ####### R

1398

1399 #install.packages("ggplot2", dependencies = TRUE)

1400 #1ibrary("ggplot2™)

1401

1402 #install.packages("GGally", dependencies = TRUE)

1403 #Tibrary("GGally™)

1404

1405 # install.packages("scales")

1406 Tibrary("scales")

1407

1408 - #H###EREHE

1410 # ggpairs matrix

1411

1412 # upper = scatterplot

1413

1414 # diagnol = density

1415

1416 # lower = contour plot

1417

1418 - upperfun <- function(data,mapping){

1419 ggplot(data = data, mapping = mapping)+
1420 geom_point(alpha = .2, col="#0DO887FF")
1421 1}

1422

1423 - diagfun <- function(data,mapping){

1424 ggplot(data = data, mapping = mapping)+
1425 geom_density(fill = "#B12A90FF", colour
1426 1}

1427

1428 - Towerfun <- function(data,mapping){

1429 ggplot(data = data, mapping = mapping)+

"#0DO8B7FF")

1430 stat_density2d(aes(fill = stat(level)), geom="polygon") +
1431 scale_fill_viridis_c(option = "plasma™) +

1432 theme (Tegend.position = "magma")

1433 1}

1434 ggpairs(CRIME_2018_FEAT,upper = Tist(continuous = wrap(upperfun)),
1435 Tower = Tist(continuous = wrap(Towerfun)),

1436 diag = Tist(continuous = wrap(diagfun))

1437 )

1438

L1439 - #t## i R R I
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# US Crime 2018 original variables

# multivariate crime analysis

# Test multivariate normality and chi-square plot
- R

# install.packages("goft"”, dependencies = TRUE)
# library("goft™)

# install.packages("car”, dependencies = TRUE)
Tibrary("car")

ME G dadaaasaaasadidd

# https://ggplot2.tidyverse.org/reference/geom_gq.html

v BRI
# Shapiro-wilk test for multivariate normality

# A generalization of Shapiro-wilk test for multivariate normality
# (Villasenor-Alva and GonzalezEstrada, 2009).

#install.packages("goft"”, dependencies = TRUE)
# Tibrary("goft™)

mvshapiro_test(X=data.matrix(CRIME_2018_FEAT))

~ HEHHHHHHERRERRHHHEEHEHHHHEEHEHEHEEEEHHHEEEHHEHHHHEEEEHEHEEEEE
O B i
v HEHHHHHHERRERRHHHEEHEHHHHEEHEHEHEEEEHHHEEEHHEHHHHEEEEHEHEEEEE
O

# US Crime 2018 standardized features
# univariate distribution analysis
# descriptives

v S

#install.packages("psych”, dependencies = TRUE)
#library("psych™)

describe (SCALED_CRIME_2018_FEAT)

summary (SCALED_CRIME_2018_FEAT)

M i i i i
M e e e i i
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# US Crime 2018 standardized features
# bivariate distribution analysis

# scatter matrix

B e it

#install.packages("ggplot2", dependencies = TRUE)
#1library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)

e

# https://ggobi.github.io/ggally/rd.html#ggmatrix

L A L L O L 2 I L I L A L A A L L L L L

CRIME_scatM_S_FEAT <- ggpairs(SCALED_CRIME_2018_FEAT,

Jower = 1ist(continuous = wrap("points"”, alpha

CRIME_scatM_S_FEAT

o BLJEL I IS A S0 P A UL 08 0 0 J8 00 S0 I8 00 F O AU A AL 020 A8 J0 0 A0 40 A 20 00 AL A A UL I 2 e

]

TR TR A A TR A A A S AT AT A A A A R A A
T TSR S R
FEIETE AR T AT TR A A A ST A A A R R A A

# Crime 2018 standardized features
# PCA

B

# eigenvalues of correlation matrix
eigen(x=cor (SCALED_CRIME_2018_FEAT))

# PCA of standardized features

SCALED_CRIME_2018_FEAT_PCA <- prcomp(CRIME_2018_FEAT, scale = TRUE)

SCALED_CRIME_2018_FEAT_PCA

summary (SCALED_CRIME_2018_FEAT_PCA)
SCALED_CRIME_2018_FEAT_PCASsdev
SCALED_CRIME_2018_FEAT_PCASrotation
SCALED_CRIME_2018_FEAT_PCAScenter
SCALED_CRIME_2018_FEAT_PCASscale

SCALED_CRIME_2018_FEAT_PCA$X

1551 « HHHHER PR
1552 « HHHHE R
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1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565
1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585

1587
1588
1589
1590
1591
1592
1593
1594
ASEL
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611
1612
1613
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# Crime 2018 standardized features

# create dataframe with PCA scores
v HAEBRF R R

# 7-d pca scores

PCA_CRIME_2018 <- as.data.frame(SCALED_CRIME_2018_FEAT_PCAS$X)
PCA_CRIME_2018

# change PCA1 to Yi notation
yl <- PCA_CRIME_2018%PCLl
y2 <- PCA_CRIME_2018%PC2
y3 <- PCA_CRIME_20183%PC3
y4 <- PCA_CRIME_2018%PC4
y5 <- PCA_CRIME_2018%PC5
y6 <- PCA_CRIME_20183%PC6
y7 <- PCA_CRIME_20183%PC7

PCA_CRIME_2018 <- data.frame(yl, y2, y3, vy4, y5, y6, y7)
PCA_CRIME_2018

# rename CITY for final dataframe
CITY <- CRIME_201835CITY
# dataframe of pca scores with CITY variable

PCA_CRIME_2018 <- as.data.frame(cbind(CITY, PCA_CRIME_2018))
PCA_CRIME_2018

# set rownames (again)

row.names(PCA_CRIME_2018) <- PCA_CRIME_20183CITY
# check rownames

PCA_CRIME_2018

# standardized pca scores -- PCl, PC2, PC3

PCL1_PC2_PC3_CRIME <- as.data.frame(PCA_CRIME_2018[,2:41)
PCl_PC2_PC3_CRIME

# set rownames (again)

row.names(PCl_PC2_PC3_CRIME) <- PCA_CRIME_20183CITY
# check rownames

PC1_PC2_PC3_CRIME

# see ranges of pcl, pc2, pc3

summary (PC1_PC2_PC3_CRIME)

- HER R R R R R R R R R R R R B R R R R R R R R
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# Crime 2018 standardized features
# percent of explained variance pca of scaled 2018 crime data
HERRHAS RS
#install.packages("ggplot2”, dependencies = TRUE)
#library("ggplot2™)
#install.packages("factoextra"”, dependencies = TRUE)
Tibrary("factoextra")
HRBHR
fviz_screeplot(SCALED_CRIME_2018_FEAT_PCA, addlabels = TRUE, ylim =
subtitle = " for US Crime 2018",
X = "Standardized Sample Principal Components”,
y = "% of Explained Standardized Sample variance") +
theme(plot.title = element_text(hjust = 0.5),
plot.subtitle = element_textChjust = 0.5))
BRI S I B SR I R A B S A B
BRI S SR R R S R I

# Crime 2018 standardized features

# variable contributions to the principal axes scaled 2018 crime data

T N IR R R RN RN TN TR

#install.packages(''ggplot2"”, dependencies = TRUE)
#1library("ggplot2™)

#install.packages (' 'factoextra”, dependencies = TRUE)
#library("factoextra™)

#install.packages("magrittr", dependencies = TRUE)
#library("magrittr')

#install.packages('"ggpubr", dependencies = TRUE)
#library("ggpubr™)

HHHEH

c(0, 90)) +
labs(title = "Explained Standardized Sample Vvariance by Principal Component”,

265
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1659 # Percent Contributions of standardized variables to PCl

1660

1661 CONT_PCl <- fviz_contrib(SCALED_CRIME_2018_FEAT_PCA,

1662 choice = "var",

1663 axes = 1,

1664 top = 7,

1665 title = "Contributions to yl") +
1666 theme(plot.title = element_text(hjust = 0.5))

1667

1668 # Percent Contributions of standardized variables to PC2
1669

1670 CONT_PC2 <- fviz_contrib(SCALED_CRIME_2018_FEAT_PCA,

1671 choice = "var",

1672 axes = 2,

1673 top = 7,

1674 title = "Contributions to y2") +
1675 theme(plot.title = element_text(hjust = 0.5))

1676

1677 # Percent Contributions of standardized variables to PC3
1678

1679 CONT_PC3 <- fviz_contrib (SCALED_CRIME_2018_FEAT_PCA,

1680 choice = "var",

1681 axes = 3,

1682 top = 7,

1683 title = "Contributions to y3") +
1684 theme(plot.title = element_text(hjust = 0.5))

1685

1686

1687 ~ HHHH#HHHHHHEHHEEHEHHE

1689 # grid of plots contributions to principal components of
1690 # standardized variables Crime 2018

1691

1692 #install.packages("magrittr"”, dependencies = TRUE)

1693 #library("magrittr™)

1694 #install.packages("ggpubr", dependencies = TRUE)

1695 #library("ggpubr™)

1696

1697 CONT_PCS_PLOT_1_3 <- ggarrange(CONT_PC1,
1698 CONT_PC2,
1699 CONT_PC3,
1700 ncol = 2,
1701 nrow = 2)
1702 CONT_PCS_PLOT_1_3

1703

1704 - ### I R R R R I A

1705 « #EHHEREHHHEEE R R R R BB R R R R B EE H R R
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1707 # Crime 2018 PCA from standardized features

1708

1709 # correlation pc's with original components
1710

D700 A e

1712

1713 #install.packages("ggplot2"”, dependencies = TRUE)

1714 #library("ggplot2™)

1715

1716 #install.packages("GGally", dependencies = TRUE)

1717 #library("GGally™)

1718

1719 ~ HRHH R R

1720

1721 # combined 2018 standardized features and pca scores

1722

1723 SCALED_PCA_AND_SCALED_CRIME_2018 <- as.data.frame(cbind(PCA_CRIME_2018,
1724 SCALED_CRIME_2018_FEAT))
1725

1726 ~ HUHHEHHHEHHEHHSSBES SRS B
R i

1728 # Custom options angle = 0

1729 ggcorr(

1730 SCALED_PCA_AND_SCALED_CRIME_2018[,-17,
1731 label = TRUE,

1732 name = "Sample Correlation”,

1733 geom = "circle",

1734 max_size = 20,

1735 min_size = 4,

1736 size = 4,

1737 hjust = 0.75,

1738 nbreaks = 6,

1739 angle = 0,

1740 palette = "PuOr")

1741

1742 « HHARER A S R A R R R B B B S B B B R R R B B B B R R
1743 « HHARER A R A R R R B R B S B B B B R B B A B B R R R

1745 # Crime 2018 PCA from standardized features

1746

1747 # scatterplot matrix of PCl, PC2, PC3 components
1748

1749 # Scatterplot of pairs PCl, PC2, PC3

1750

1751 - HHHFRHEH AR

1752

1753 #install.packages("ggplot2", dependencies = TRUE)
1754 #library(“"ggplot2™)

1755

1756 - HHLHHEHSHIEHEESSEES Sy sy
IR i i I R
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1758 # scatterplot of pairs PCl, PC2, PC3

1759

1760 # scatterplot PCl, PC2

1761

1762 PCL_PC2_SCATTER <- ggplot(PCA_CRIME_2018, aes(x=yl, y=y2)) +
1763 geom_text(label=rownames(PCA_CRIME_2018)) +

1764 # ggtitle("Scatterplot of y2 ~ yl1") +

1765 Tabs(x = "yl (63.05%)", y = "y2 (10.99%)") +

1766 theme(plot.title = element_text(hjust = 0.5))

1767

1768 - #it##ii
1769

1770 # scatterplot PCl, PC3
1771

1772 PCL_PC3_SCATTER <- ggplot(PCA_CRIME_2018, aes(x=yl, y=y3)) +
1773 geom_text(label=rownames(PCA_CRIME_2018)) =+

1774 # ggtitle("scatterplot of y3 ~ yl1") +

1775 Tabs(x = "yl (63.05%)", y = "y3 (9.383%)") =+

1776 theme(plot.title = element_textchjust = 0.5))

1777

LTT8 « SRR REERR R s
1779

1780 # scatterplot PC2, PC3
1781

1782 PC2_PC3_SCATTER <- ggplot(PCA_CRIME_2018, aes(x=y2, y=y3)) +
1783 geom_text(label=rownames(PCA_CRIME_2018)) +

1784 ggtitle("Scatterplot of y3 ~ y2") +

1785 Tabs(x = "y2 (10.99%)", v = "y3 (9.383%)") +

1786 theme(plot.title = element_text(hjust = 0.5))

1788 ~ HAHHHHH LB R R H R R R R R E SRR B R R SRR E R

1789 + HHHHEH SIS A H A JH H A0 AL S B AL 0 d) AL S LB B

1790 ~ HAHHHHHEHHHEHHEEHH R B R R R R R R E R R B R R RS E Y

1791 - ####################################################################
1792
1793 # Clustering Methods

1794

1795 # Partitioning

1796

1797 # K-means

1798

1799 ~ HA R A R A R B R R R A B R R R

1800 - ################################?ffff#35##T???TFPPFP################

1802 # K-means

1803

1804 # sScaled Crime 2018 Features

1805

1806 # Pcl,pc2, PC3 from Scaled Crime 2018 Features
1807

1808 # Estimating the optimal number of clusters
1809

1810 # NbClust Method

1811

1812 ~ HUHHHBHBESBSEEEEBERERY
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1814 # install.packages("factoextra™)

1815 # Tibrary("factoextra™)

1816

1817 # +install.packages("NbClust", dependencies = TRUE)
1818 Tibrary("NbClust™)

1819

1820 # 1install.packages("magrittr", dependencies = TRUE)
1821 # Tibrary("magrittr")

1822

1823 # 1install.packages("ggpubr", dependencies = TRUE)
1824 # Tibrary("ggpubr™)

1825

1826 - ###SH#ASHSHREHHERHY

1828 # scaled Crime 2018 Features

1829

1830 # install.packages("NbClust", dependencies = TRUE)
1831 # T1ibrary("NbClust™)

1832

1833 NBCLUST_SCALE_CRIME_2018_FEAT_KMEANS <- NbClust(SCALED_CRIME_2018_FEAT,
1834 distance = "euclidean",
1835 min.nc = 2,

1836 max.nc = 6,

1837 method = "kmeans")

1838

1839 # install.packages("factoextra", dependencies = TRUE)
1840 # library("factoextra")

1841

1842 NBCLUST_SCALE_CRIME_2018_FEAT_KMEANS_BOX <- fviz_nbcTlust(NBCLUST_SCALE_CRIME_2018_FEAT_KMEANS,
1843 barfill = "steelblue",

1844 barcolor = "steelblue") +

1845 Tabs(title= "NbClust, Black-Box Method, k-Means, Input Standardized crime 2018") +
1846 xlab("# of clusters k') +

1847 ylab("Freq. Among Indices") +

1848 theme(plot.title = element_textchjust = 0.5))

1849

1850 ~ #HHHHHE P HEHE

1852 # PCl,PC2, PC3 from Scaled Crime 2018 Features
1853

1854 # install.packages("NbClust", dependencies = TRUE)
1855 # Tibrary("NbClust™)

1856

1857 NBCLUST_PC1_PC2_PC3_CRIME_2018_KMEANS <- NbClust(PC1_PC2_PC3_CRIME,

1858 distance = "euclidean",

1859 min.nc = 2,

1860 max.nc = 6,

1861 method = "kmeans™)

1862

1863 # install.packages("factoextra", dependencies = TRUE)

1864 # Tibrary("factoextra")

1865

1866 NBCLUST_PCl_PC2_PC3_CRIME_2018_KMEANS_BOX <- fviz_nbclust(NBCLUST_PC1l_PC2_PC3_CRIME_2018_KMEANS
1867 barfill = "steelblue",
1868 barcolor = "steelblue™) +

1869 labs(title= "NbClust, Black-Box Method, k-Means, Input yl, y2, y3") +
1870 xlab("# of clusters k") +

1871 ylab("Freq. Among Indices") +

1872 theme(plot.title = element_text(hjust = 0.5))

1873

1874 - #HEH#H R



1930

]

l

# grid of plots for OPTIMAL K

# install.packages("magrittr"”, dependencies = TRUE)
# library("magrittr")

# install.packages("ggpubr”, dependencies = TRUE)
# Tibrary("ggpubr™)

OPTIMAL_K_KMEAN_CRIME_2018 <- ggarrange(NBCLUST_SCALE_CRIME_2018_FEAT_KMEANS_BOX,
NBCLUST_PC1_PC2_PC3_CRIME_2018_KMEANS_BOX,

ncol = 1,
nrow = 2)

R I
B R g e S 2
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# K-means using eclust() in "factoextra" package
# k=3

# Scaled Crime 2018 Features

# PCl,PC2, PC3 from Scaled Crime 2018 Features

# create dataframe with CITY, 7 Crime 2018 variables,
# PCl PC2 PC3, k=3 kmean cluster assignment(s), and rownames

o BRI I A L

# install.packages("factoextra™)
# Tibrary("factoextra")

#install.packages("plyr"”, dependencies = TRUE)
Tibrary("plyr™)

# Compute k-means with k = 3 with scaled crime 2018 features

# install.packages("factoextra”, dependencies = TRUE)
# Tibrary("factoextra™)

set.seed(125)

KM3_SCALED_CRIME <- eclust(SCALED_CRIME_2018_FEAT, "kmeans",
k = 3, nstart = 25, graph = FALSE)

KM3_SCALED_CRIMESsize

# Compute k-means with k = 3 pC 1, 2, 3

# install.packages("factoextra”, dependencies = TRUE)
# Tibrary('factoextra™)

set.seed(126)
KM3_PC1_PC2_PC3_CRIME <- eclust(PCl_PC2_PC3_CRIME, "kmeans",

k = 3, nstart = 25, graph = FALSE)

KM3_PCl_PC2_PC3_CRIME$size

1931 - H##E#EHFEFEEE
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1933 # create factors from cluster assignments

1934

1935 # CITY <- CRIME_2018$CITY

1936 KM3_SCALED_ASSIGN <- as.character (KM3_SCALED_CRIMEScluster)
1937 KM3_PCLl_PC2_PC3_ASSIGN <- as.character (KM3_PCl_PC2_PC3_CRIMEScluster)
1938

1939 #install.packages('plyr", dependencies = TRUE)

1940 #1ibrary("plyr™)

1941

1942 KM3_SCALED_ASSIGN <- revalue(KM3_SCALED_ASSIGN, c("1"="2", "2"="3", "3"="1"))
1943 KM3_PC1l_PC2_PC3_ASSIGN <- revalue(KM3_PCl_PC2_PC3_ASSIGN, C(”l”—"Z" T2r="1t, U3U="3"))
1944

1945 # create dataframe to combine all the data and results

1946

1947 CRIME_2018_ASSIGN <- as.data.frame(cbind(

1948 CITY,

1949 CRIME_2018_FEAT,

1950 PC1_PC2_PC3_CRIME,

1951 KM3_SCALED_ASSIGN,

1952 KM3_PC1_PC2_PC3_ASSIGN)

1953 )

1954

1955 CRIME_2018_ASSIGN

1956

1957 # set rownames CITY_CRIME_2018

1958

1959 row.names(CRIME_2018_ASSIGN) <- CRIME_2018_ASSIGNSCITY
1960

1961 # summary

1962

1963 summary(CRIME_2018_ASSIGN)

1965 = #HH IR B B B B B B B R R SR B B B B BB A
1966 - #H###H#REHHRS R R R A R R R S R R R S
1967 - #H##ER#RSEH RS R R R R R R R S S R R R R
1968

1969 # K-means using eclust() in "factoextra" package

1970

1971 # k = 3

1972

1973 # Scaled Crime 2018 Features

1974

1975 # PCl, PC2, PC3 derived from Scaled Crime 2018 Features

1976

1977 # Cluster City Names, Cluster Mean Vectors, Cluster sd vectors,

1978

1979 # check for differences in cluster assignments

1980

1981 ~ HHLHHEIE LT




272

1981 ~ ###HHHEEHHEHEEHHE

1982

1983 # cluster city names

1984

1985 # k-mean 3 cluster solution on standardized features

1986

1987 # cluster 1

1988

1989 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNIKM3_SCALED_ASSIGN == "1",1])
1990

1991 # cluster 2

1992

1993 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_SCALED_ASSIGN == "2",11)
1994

1995 # cluster 3

1996

1997 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_SCALED_ASSIGN == "3",1])
1998

1999 « HHHEHTS IS

2001 # cluster city names

2002

2003 # k-mean 3 cluster solution on PCl, PC2, PC3 derived from Scaled Crime 2018 Features
2004

2005 # cluster 1

2006

2007 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_PCl_PC2_PC3_ASSIGN == "1",1])
2008

2009 # cluster 2

2010

2011 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_PCl_PC2_PC3_ASSIGN == "2",1])
2012

2013 # cluster 3

2014

2015 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_PCl_PC2_PC3_ASSIGN == "3",11)
2016

2017 ~ HH#HHHE R

2018

2019 # 1-way table of cluster assignments

2020

2021 table(KM3_SCALED_ASSIGN)

2022

2023 table(KM3_PCl_PC2_PC3_ASSIGN)

2024

2025 - #H##E#GHEREREEEREHRERRS

2026

2027 # 2-way table of cluster assignments (confusion matrix)

2028

2029 table(KM3_SCALED_ASSIGN, KM3_PCl_PC2_PC3_ASSIGN)
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2031 - HH#FHHEHHEH

2032

2033 # city names for misclassifications

2034

2035 # (in cluster "1" for KM3_SCALED_ASSIGN) and (in cluster "2" for KM3_PCl_PC2_PC3_ASSIGN )
2036

2037 CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_SCALED_ASSIGN == "1"

2038 &

2039 CRIME_2018_ASSIGNSKM3_PCl_PC2_PC3_ASSIGN == "2",
2040 c(12,13)]

2041

2042 # (in cluster "2" for KM3_SCALED_ASSIGN) and (in cluster "3" for KM3_PC1l_PC2_PC3_ASSIGN )
2043

2044 CRIME_2018_ASSIGN[CRIME_2018_ASSIGNIKM3_SCALED_ASSIGN == "2"

2045 &

2046 CRIME_2018_ASSIGNSKM3_PCLl_PC2_PC3_ASSIGN == "3",
2047 €(12,13)]

2048

2049 ~ HIHHHHEHHE

2050

2051 # cluster means, k-means, k=3, standardized Crime 2018 Features
2052

2053 aggregate(CRIME_2018_ASSIGN[, 2:8], 1ist(CRIME_2018_ASSIGN$KM3_SCALED_ASSIGN), mean)
2054
2055
2056
2057 # cluster means, k-means, k=3, PCl, PC2, PC3 derived from Scaled Crime 2018 Features

2058

2059 aggregate(CRIME_2018_ASSIGN[, 2:8], 1ist(CRIME_2018_ASSIGNSKM3_PCl_PC2_PC3_ASSIGN), mean)
2060
2061

HHHHE R I

]

HHHHEHE R I

€

2063 #install.packages("psych"”, dependencies = TRUE)

2064 # library("psych'™)

2065

2066 # original sample means

2067

2068 describe(CRIME_2018_FEAT)

2069

2070 - #EAHBEBEHREHEEH R A B R R S R R R R R R R R R R R R B
2071 - HE##HH R I S S S I B R S A S S S
2072 ~ HEH B R B B R AR R B B B R R

4

4

2074 # K-means using eclust() in "factoextra" package

2075

2076 # k =3

2077

2078 # Scaled Crime 2018 Features

2079

2080 # Scatterplots on PCl, PC2, PC3 of cluster assignments
2081
2082
2083
2084 #install.packages("ggplot2", dependencies = TRUE)
2085 #1ibrary("ggplot2™)

2086

2087 #install.packages("GGally", dependencies = TRUE)
2088 #library("GGally™)

2089

2090 #install.packages("grideExtra"”, dependencies = TRUE)
2091 # Tlibrary("gridextra™)

2092

2003 v LHHLESELSHEESSEEESTEEY

HRARBR RS LR BB AS

4




2095 # 3 group k-mean scatterplot with CITY Tlabels input standardized crime 2018 data.

2096 # Plotted on PCl, PC2

2097

2098 #install.packages(“ggplot2", dependencies = TRUE)
2099 #library("ggplot2™)

2100
2101 KM3_SCALE_CRIME_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
2102 aes(x=yl, y=y2, color=KM3_SCALED_ASSIGN)) +

2103 geom_text(label=rownames (CRIME_2018_ASSIGN)) +

2104 # ggtitle("k-Means, k=3, Input Standardized Crime 2018") +
2105 Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
2106 scale_color_manual(values=c("#FE3A07", "#0080FF","#009788")) +
2107 # theme(plot.title = element_text(hjust = 0.5)) +

2108 # theme(legend.position = "none')

2109 theme(legend.position = "bottom™)

2110

2111 - #E###AHRERE RS

2113 # 3 group k-mean scatterplot with CITY labels input standardized crime 2018 data.
2114 # Plotted on PCl, PC3

2115

2116 #install.packages("ggplot2", dependencies = TRUE)

2117 #library("ggplot2")

2118
2119 KM3_SCALE_CRIME_DIM1_DIM3 <- ggplot(CRIME_2018_ASSIGN,
2120 aes(x=yl, y=y3, color=kKM3_SCALED_ASSIGN)) +

2121 geom_text(label=rownames (CRIME_2018_ASSIGN)) +

2122 # ggtitle("k-Means, k=3, Input Standardized Crime 2018") +
2123 Tabs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster") +
2124 scale_color_manual(values=c("#FE3AQ07", "#0080FF", "#009788")) +
2125 # theme(plot.title = element_textchjust = 0.5)) +

2126 theme(legend.position = "none™)

2127

2128 + HHBHELBHIEEEE SRS

2130 # change legend position for final plot

2131

2132 #install.packages("gridExtra”, dependencies = TRUE)

2133 # Tibrary("grideExtra")

2134

2135~ get_legend<-function(myggplot){

2136 tmp <- ggplot_gtable(ggplot_build(myggplot))

2137 Teg <- which(sapply(tmpsgrebs, function(x) xSname) == "guide-box")
2138 legend <- tmpSgrobs[[legl]

2139 return(legend)

2140 }

2141

2142 Tegend <- get_legend(KM3_SCALE_CRIME_DIM1_DIM2)

2143

2144 KM3_SCALE_CRIME_DIM1_DIMZ2 <- KM3_SCALE_CRIME_DIM1_DIM2 +
2145 theme (Tegend.position = "none™)
2146

2LAT ~ B
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2149
2150
2151
2152
2858
2154
255
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168

2170
2171
2172
2173
2174
2175
2176
2177
2178
2179
2180
2181
2182
2183
2184
2185
2186
2187
2188
2189

2191
2192
2193
2194
2195
2196
2197
2198
2199
2200
2201
2202
2203
2204
2205
2206

# Combine 2 scatterplots, K-Means, K=3
# Input Scaled Crime 2018 Features

#install.packages("grideExtra"™, dependencies = TRUE)
# library("gridextra™)

grid.arrange (KM3_SCALE_CRIME_DIM1_DIM2,

KM3_SCALE_CRIME_DIM1_DIM3,

legend,

ncol=2,

nrow= 2,

layout_matrix = rbind(c(1,2), c(3,3)),

widths = ¢(2.7, 2.7), heights = c(2.5, 0.2),

top = text_grob("k-Means, k=3, Input Standardized Crime 2018,
Plotted on yl, y2, y3",
color = "black", face = "bold", size = 14))

R R R
B 2 e

# K-means using eclust() in "factoextra" package

# k =3

# PCl, PC2, PC3 derived from Scaled Crime 2018 Features
# Scatterplots on PCl, PC2, PC3 of cluster assignments
HERS S H A

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2")

#install.packages("GGally", dependencies = TRUE)
#1ibrary("GGally™)

#install.packages("gridextra"”, dependencies = TRUE)
# library("gridExtra")

LA AL L P I B R

# 3 group k-mean scatterplot with CITY labels, input PCl, PC2, PC3
# Plotted on PCl, PC2

#install.packages('ggplot2", dependencies = TRUE)
#1ibrary("ggplot2™)

KM3_PC1_PC2_PC3_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,

275

aes(x=yl, y=y2, color=KM3_PCl_PC2_PC3_ASSIGN)) +

geom_text(Tabel=rownames (CRIME_2018_ASSIGN)) =+

# ggtitle("k-Means, k=3, Input yl, y2, y3") +

Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c("#FE3AQ7", "#0080FF", "#009788")) +
theme(plot.title = element_text(hjust = 0.5)) +

# theme(legend.position = "none™)

theme (Tegend.position = "bottom")

2207 ~ #itiHH# I
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2209 # 3 group k-mean scatterplot with CITY labels, input PCl, PC2, PC3
2210 # Plotted on PCl, PC3

2211

2212 #install.packages("ggplot2", dependencies = TRUE)

2213 #library("ggplot2™)

2214
2215 KM3_PC1_PC2_PC3_DIM1_DIM3 <- ggpTlot(CRIME_2018_ASSIGN,
2216 aes(x=yl, y=y3, color=KM3_PCl_PC2_PC3_ASSIGN)) +

2217 geom_text(label=rownames(CRIME_2018_ASSIGN)) +

2218 # ggtitle("k-Means, k=3, Input yl, y2, y3") +

2219 Tabs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster") +
2220 scale_color_manual(values=c("#FE3AQ7", "#O0080FF", "#009788")) +
2221 # theme(plot.title = element_text(hjust = 0.5)) +

2222 theme (Tegend.position = "none')

2223

2224 « BABGEBBSESSEESEEEESY

2226 # change legend position for final plot

2227

2228 #install.packages("gridextra"”, dependencies = TRUE)

2229 # Tibrary("gridextra")

2230

2231~ get_legend<-function(myggplot){

2232 tmp <- ggplot_gtable(ggplot_build(myggplot))

2233 leg <- which(sapply(tmp$grobs, function(x) x$name) == "guide-box")
2234 legend <- tmpSgrobs[[Teg]]

2235 return(legend)

2236 }

2237

2238 Tlegend <- get_legend(KM3_PCl_PC2_PC3_DIM1_DIM2)

2239

2240 KM3_PCl_PC2_PC3_DIM1_DIMZ2 <- KM3_PCl_PC2_PC3_DIM1_DIM2 +
2241 theme (legend.position = "none™)
2242

2244 - B

2245

2246 # Combine 2 scatterplots, K-Means K=3
2247

2248 # Input PCl, PC2, PC3

2249

2250 #install.packages("gridextra"™, dependencies = TRUE)
2251 # Tibrary("gridextra™)

2252

2253 grid.arrange(KM3_PCl_PC2_PC3_DIM1_DIM2,

2254 KM3_PCl1_PC2_PC3_DIM1_DIM3,

2255 Tegend,

2256 ncol=2,

2257 nrow=2,

2258 Tayout_matrix = rbind(c(l,2), <(3,3)),

2259 widths = ¢(2.7, 2.7), heights = ¢(2.5, 0.2),

2260 top = text_grob("k-Means, k=3, Input yl, y2, y3, Plotted on yl, y2, y3",
2261 color = "black™, face = "bold", size = 14))
2262

2263 - R R R I R R R R I R
2264 - HEHHHHEHE R R R R I R
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2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295
2296
2297
2298
2299
2300
2301
2302
2303
2304

2306
2307
2308
2309
2310
2311
2312
2313
2314
2315
2316
2317
2318
2319
2320
2321
2322
2323
2324

2325~
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# K-means using eclust() in "factoextra" package
# k =3
# Standardized Crime 2018 Features

# Scattermatrix on original dimensions

TR R R R R NI R R ST R IR R T T
HH I T o

#install.packages("ggplot2", dependencies = TRUE)
#library(“ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)

HHH BB R B R R R R R RS

# scaled Crime 2018 Features

# ggpairs
#k=3
# K-Means

p <- ggpairs(CRIME_2018_ASSIGN, c(2,3,4,5,6,7,8,12),
mapping = ggplot2::aes_string(color = "KM3_SCALED_ASSIGN"))

for(i in l:p$nrow) {
for(j in 1l:p3ncol){
pli,j1 <- p[i,j] +
scale_fill_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
scale_color_manual(values=c("#FE3AQ07", "#0080FF", "#009788"))

HEH ARG R A R R A R B R R R R
THEH I I R A

# K-means using eclust() in "factoextra" package
#k =3
# PCl, PC2, PC3 derived from Scaled Crime 2018 Features

# Scattermatrix on original dimensions

TR NI R R IR RN IR NI IR R NI I

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)

R R



2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351

2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368

2370
2371
2372
2373
2374
2375
2376
2377
2378
2379
2380
2381
2382
2383
2384
2385
2386
2387
2388

4

4

]

1

4

# PCl, PC2, PC3 derived from Scaled Crime 2018 Features
# ggpairs

# k=3

# K-Means

p <- ggpairs(CRIME_2018_ASSIGN, c(2,3,4,5,6,7,8,13),
mapping = ggplot2::aes_string(color = "KM3_PCl_PC2_PC3_ASSIGN™"))

for(i in l:pSnrow) {
for(j in 1:p%ncol){
pli,j1 <- p[i,j1 +
scale_fill_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
scale_color_manual(values=c("#FE3A07", "#008O0FF", "#009788"))
}
}

P
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FHER P S
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# Clustering Methods

# Hierarchical

# Agglomerative

BB A B B S A B B B P B0J0 J0 HBhB0d0 B0 0 B BB BB a0 B B )l

B R R R R R R R R R R R R R R R R R R B R R BB R BB R R R BB RS HSSH

# Distance Matrices
# Scaled Crime 2018 Features

# PCl, PC2, PC3 from Scaled Crime 2018 Features

S LB L L I B BB B 0 T 1 I S IE g g

# Euclidean Distance Matrix on Scaled Crime 2018 Features

DIST_SCALED_CRIME <- dist(SCALED_CRIME_2018_FEAT, method = "eucTlidean")
DIST_SCALED_CRIME

# Subset the first 5 columns and rows on Scaled Crime 2018 Features

round(as.matrix(DIST_SCALED_CRIME)[1:5, 1:57, 1)

TR R R R IR R IR R R NIRRT

# Euclidean Distance Matrix on PCl, PC2, PC3

DIST_PCl_PC2_PC3_CRIME <- dist(PCL_PC2_PC3_CRIME, method = "euclidean")
DIST_PC1l_PC2_PC3_CRIME

# Subset the first 5 columns and rows on PCl, PC2, PC3

round(as.matrix(DIST_PCl_PC2_PC3_CRIME)[1:5, 1:57, 1)

278
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2390 - R R R R R R
DO - fh A A B L ettt
2392 - MR A R R B R R R
2393

2394 # Agglomerative Clustering

2395

2396 # WARD.D2

2397

2398 # scaled Crime 2018 Features

2399

2400 # PCl,PC2, PC3 from Scaled Crime 2018 Features
2401

2402 # Estimating the optimal number of clusters
2403

2404 # NbClust Method

2405

2406 - HHEEEFEEEHH R

2407

2408 # +install.packages('factoextra™)

2409 # Tlibrary("factoextra™)

2410

2411 # +nstall.packages('NbClust”, dependencies = TRUE)
2412 # Tibrary("NbClust™)

2413

2414 # install.packages("magrittr"”, dependencies = TRUE)
2415 # Tlibrary("magrittr™)

2416

2417 # install.packages('ggpubr"”, dependencies = TRUE)
2418 # Tibrary("ggpubr™)

2419

2420 - #HBEHHEEHEE

2422 # scaled Crime 2018 Features

2423

2424 # dinstall.packages("NbClust"”, dependencies = TRUE)
2425 # Tibrary("NbClust")

2426

2427 NBCLUST_SCALE_CRIME_2018_FEAT_WARD.D2 <- NbCTust(SCALED_CRIME_2018_FEAT,

2428 distance = "euclidean",

2429 minh.nc = 2,

2430 max.nc = 6,

2431 method = "ward.D2")

2432

2433 # install.packages("factoextra", dependencies = TRUE)

2434 # library("factoextra")

2435

2436 NBCLUST_SCALE_CRIME_2018_FEAT_WARD.D2_BOX <- fviz_nbcTust(NBCLUST_SCALE_CRIME_2018_FEAT_WARD.D2
2437 barfill = "steelblue"”,
2438 barcolor = "steelblue") +

2439 labs(title= "NbClust, Black-Box Method, ward, Input Standardized US Crime 2018") +
2440 xlab("# of clusters k") +

2441 ylab("Freq. Among Indices™) +

2442 theme(plot.title = element_text(hjust = 0.5))

2443

2444 - HHHHHEHE
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# PCl, PC2, PC3 from Scaled Crime 2018 Features

# install.packages("NbClust", dependencies = TRUE)
# T1ibrary("NbClust™)

NBCLUST_PC1_PC2_PC3_CRIME_2018_WARD.D2 <- NbClust(PCl_PC2_PC3_CRIME,

distance = "euclidean",
min.nc = 2,

max.nc = 6,

method = "ward.D2")

# install.packages("factoextra", dependencies = TRUE)
# l1ibrary("factoextra™)

NBCLUST_PC1_PC2_PC3_CRIME_2018_WARD.D2_BOX <- fviz_nbcTust(NBCLUST_PC1_PC2_PC3_CRIME_2018_WARD.D2
barfill = "steelblue",
barcolor = "steelblue") +
Tabs(title= "NbClust, Black-Box Method, ward, Input y1, y2, y3") +
xTab("# of clusters k") +
ylab("Freq. Among Indices™) +
theme(plot.title = element_textchjust = 0.5))

i e e i i

BRI R A B R R B R R
# grid of plots for OPTIMAL K

# install.packages("magrittr", dependencies = TRUE)
# library("magrittr")

# install.packages("ggpubr", dependencies = TRUE)
# Tibrary("ggpubr™)

OPTIMAL_WARD.D2_CRIME_2018 <- ggarrange(NBCLUST_SCALE_CRIME_2018_FEAT_WARD.D2_BOX,
NBCLUST_PC1_PC2_PC3_CRIME_2018_WARD.D2_BOX,
ncol = 1,
nrow = 2)

B o i i i i 3 i i
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# Agglomerative Clustering

# WARD.D2

# Compute algorithm

# scaled Crime 2018 Features

# PCl, PC2, PC3 from Scaled Crime 2018 Features

B e e i

# Compute "ward.d2" using Scaled Crime 2018 Features

set.seed(150)
SCALED_WARD.D2 <- hclust(d = DIST_SCALED_CRIME, method = "ward.D2")

# Compute "ward.d2" using PCl, PC2, PC3

set.seed(151)
PC1_PC2_PC3_WARD.D2 <- hclust(d = DIST_PCL_PC2_PC3_CRIME, method = "ward.D2")

FEA B4 B P B BB P BB B A0 BB O B OB I O I OO

RS R I R I I R I R R R IR A A R IR I
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# Agglomerative Clustering

# WARD.D2

#K =3

# add cluster assignments

# scaled Crime 2018 Features

# PCl, PC2, PC3 from Scaled Crime 2018 Features
B i

#install.packages("plyr", dependencies = TRUE)
#library(Mplyr™)

HEHH RS

# Cut tree into 3 clusters "ward.d2" from Scaled Crime 2018 Features
K3_SCALED_WARD.D2 <- as.character (cutree(SCALED_WARD.D2, k = 3))

table (K3_SCALED_WARD.D2)

# Cut tree into 3 clusters "ward.d2" from PCl, PC2, PC3
K3_PCl_PC2_PC3_WARD.D2 <- as.character(cutree(PCl_PC2_PC3_WARD.D2, k = 3))

table(K3 PCl PC2 PC3 WARD.D2)

#install.packages("plyr", dependencies = TRUE)
#library("plyr™)

K3_SCALED_WARD.D2 <- revalue(K3_SCALED_WARD.D2, c("1"="3", "2"="2", "3"="1"))
K3_PCl_PC2_PC3_WARD.D2 <- revalue(K3_PCl_PC2_PC3_WARD.D2, c("1"="3", "2"="z2", "3"="1"))

# create dataframe to combine all the data and results
CRIME_2018_ASSIGN <- as.data.frame(cbind(
CRIME_2018_ASSIGN,
K3_SCALED_WARD.D2,
K3_PC1_PC2_PC3_WARD.D2)
J
CRIME_2018_ASSIGN
# set rownames CITY_CRIME_2018
row.names (CRIME_2018_ASSIGN) <- CRIME_2018_ASSIGNSCITY
# summary

summary (CRIME_2018_ASSIGN)

IR R
B o i i i i
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2571 # WARD.D2

2573 # k=3

2575 # scaled Crime 2018 Features

2577 # PCl, PC2, PC3 derived from Scaled Crime 2018 Features

2579 # Cluster City Names, Cluster Mean Vectors, Cluster sd Vectors,
2580 # check for differences in cluster assignments

DE82 v MHERESEEEEE

2584 # cluster city names

2586 # WARD.D2 3 cluster solution on standardized features

2588 # cluster 1

2590 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "1",1])
2592 # cluster 2

2594 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "2",1])
2596 # cluster 3

2598 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "3",1])

~
[=2]
(=]
(=]
4

fg s daias s yaaiad

2602 # cluster city names

2604 # WARD.D2 3 cluster solution on PCl, PC2, PC3 derived from Scaled Crime 2018 Features
2606 # cluster 1

2608 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_PCl_PC2_PC3_WARD.D2== "1",17)
2610 # cluster 2

2612 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGN$K3_PCl_PC2_PC3_WARD.D2 == "2",17)
2614 # cluster 3

2616 sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_PCl_PC2_PC3_WARD.D2 == "3",17)
26118 ~ HHRHRHRR R

2620 # 1l-way table of cluster assignments

2622 table(K3_SCALED_WARD.D2)

2624 table(K3_PCl_PC2_PC3_WARD.D2)

2626 v BRI EHHE

2628 # 2-way table of cluster assignments (confusion matrix)

2630 table(K3_SCALED_WARD.D2, K3_PCl_PC2_PC3_WARD.D2)

2632 ~ B



2634
2635
2636
2637
2638
2639
2640
2641
2642
2643
2644
2645
2646
2647
2648
2649
2650
2651
2652
2653
2654
2655
2656
2657
2658
2659
2660

2668
2669
2670
2671
2672
2673
2674
2675

2676~

2677

2679
2680
2681
2682
2683
2684
2685
2686
2687
2688
2689
2690
2691
2692
2693
2694
2695
2696
2697

# city names for misclassifications

# (in cluster "1" for K3_SCALED_WARD.D2) and (in cluster "2" for K3_PCl_PC2_PC3_WARD.D2)

CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "1"
iRIME_Z018_ASSIGN$K3_PC1_PC2_PC3_WARD.D2 = "2", c(14,15)]

# (in cluster "2" for K3_SCALED_WARD.D2) and (in cluster "3" for KM3_PCl_PC2_PC3_ASSIGN)

CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "2"
iRIME_ZOlS_ASSIGN5K3_PC1_PC2_PC3_WARD.D == "3", c(14,15)]

# (in cluster "3" for K3_SCALED_WARD.D2) and (in cluster "2" for K3_PCl_PC2_PC3_WARD.D2)

CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_WARD.D2 == "3"
iRIME_Z018_ASSIGN$K3_PC1_PC2_PC3_WARD.D2 = "2", c(14,15)]

- AR R R R R R

# cluster means, WARD.D2, k=3, standardized Crime 2018 Features

aggregate (CRIME_2018_ASSIGN[, 2:8], 1ist(CRIME_2018_ASSIGNSK3_SCALED_WARD.DZ2), mean)

4

HHR PR

#install.packages("psych", dependencies = TRUE)
# library("psych")

# original sample means

describe (CRIME_2018_FEAT)

1

R

LLE L L g L L B L BB I B A A 0 E A B I I g IR A I B A A 0 A A

R

4

# Agglomerative Clustering

# WARD.D2

#K =3

# Dendrograms

# Scaled Crime 2018 Features
v W

# install.packages("ggplot2", dependencies = TRUE)
# Tibrary('ggplot2™)

# install.packages("factoextra™)
# Tlibrary("factoextra™)

- BEABEREHHH RS
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2699 # WARD.D2, Input Scaled Crime 2018, Rectangle Dendrogram, K=3

2700

2701 DEND_RECTANGLE_K3_SCALED_WARD.DZ2 <- fviz_dend(SCALED_WARD.D2, k = 3, # Cut in three groups

2702
2703
2704
2705
2706
2707
2708
2709
2710
2711
2712

cex = 0.5, # label size

palette = c("#009788","#0080FF", "#FE3A07"),
color_Tabels_by_k = TRUE, # color Tlabels by groups
rect = TRUE, # Add rectangle around groups

# main = NULL,

main = "ward, k=3, Input Standardized Crime 2018,
Rectangular Dendrogram",

rect_border = c("#009788","#0080FF", "#FE3AQ7"),
rect_fill = TRUE) +

theme(plot.title = element_text(hjust = 0.5))

2713 ~ R R I
2714 ~ I R I
2715 ~ JHEHE R I I

2716

2717 # Agglomerative Clustering

2718

2719 # WARD.DZ

2720

2721 # K =

2722

2723 # Dendrograms

2724

2725 # PCL, PCZ,

2726

PC3 from Scaled Crime 2018 Features

2727 ~ FHHHEER R

2729 # 1install.packages("ggplot2"”, dependencies = TRUE)

2730 # Tibrary("ggplot2")

2731

2732 # +nstall.packages("factoextra™)

2733 # library("factoextra")

2734

2735 ~ HEH I

2736

2737 # WARD.D2, Input PCl, PC2, PC3, Rectangle Dendrogram, K=3
2738

2739 DEND_RECTANGLE_K3_PCl_PC2_PC3_WARD.DZ <- fviz_dend(PC1_PC2_PC3_WARD.DZ, k = 3, # Cut in two groups

2740 cex = 0.5, # Tabel size

2741 palette = c("#009788", "#FE3A07", "#008OFF"),
2742 color_labels_by_k = TRUE, # color Tlabels by groups
2743 rect = TRUE, # Add rectangle around groups

2744 main = "ward, k=3, Input yl, y2, y3,

2745 Rectangular Dendrogram"”,

2746 rect_border = c("#009788", "#FE3A07", "#0080FF"),
2747 rect_fi1l = TRUE) +

2748 theme(plot.title = element_text(hjust = 0.5))
2749

2750

2751

2752

2753 - #HHHHEHEHHEHEHE PR
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2755 ~
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2754 # Agglomerative Clustering

2755

2756 # WARD.D2

2757

2758 # K =3

2759

2760 # Scaled Crime 2018 Features

2761

2762 # scatterplots on PCl, PC2, PC3 of cluster assignments and ggpairs matrix
2763

2764 - HEREHHH R

2765

2766 #install.packages('ggplot2", dependencies = TRUE)
2767 #library("ggplot2™)

2768

2769 #install.packages("GGally", dependencies = TRUE)
2770 #library("GGally")

2771

2772 #install.packages("gridExtra”, dependencies = TRUE)
2773 # Tibrary("gridextra™)

2774

2775 « BAHSHEAESEER R

2777 # 3 group WARD.D2 scatterplot with CITY Tabels input scaled crime 2018 data.
2778 # Plotted on PCl, PC2

2779

2780 #install.packages('ggplot2", dependencies = TRUE)

2781 #library(“ggplot2™)

2782
2783 K3_SCALED_WARD.D2_DIM1_DIMZ <- ggplot(CRIME_2018_ASSIGN, aes(x=yl, y=y2,
2784 color=K3_SCALED_WARD.D2)) +

2785 geom_text(label=rownames (CRIME_2018_ASSIGN)) +

2786 # ggtitle("wards, k=3, Input Standardized Crime 2018") +

2787 labs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
2788 scale_color_manual(values=c( "#FE3AQ7", "#0080FF", "#009788")) +
2789 # theme(plot.title = element_textChjust = 0.5)) +

2790 # theme(legend.position = "none™)

2791 theme (legend.position = "bottom")

2792

2793 = HHHHHE R

2795 # 3 group WARD.D2 scatterplot with CITY labels input scaled crime 2018 data.
2796 # Plotted on PCl, PC3

2797

2798 #install.packages("ggplot2", dependencies = TRUE)

2799 #1ibrary("ggplot2™)

2800
2801 K3_SCALED_WARD.D2_DIM1_DIM3 <- ggpTlot(CRIME_2018_ASSIGN, aes(x=yl, y=y3,
2802 color=K3_SCALED_WARD.D2)) +

2803 geom_text(label=rownames(CRIME_2018_ASSIGN)) +

2804 # ggtitle("wards, k=3, Input Scaled Crime 2018") +

2805 Tabs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster") +
2806 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
2807 # theme(plot.title = element_text(hjust = 0.5)) +

2808 theme(legend.position = "none")

2809
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# change legend position for final plot

#install.packages("gridextra"”, dependencies = TRUE)
# T1ibrary("gridextra")

get_legend<-function(myggplot){
tmp <- ggplot_gtable(ggpTlot_build(myggplot))
Teg <- which(sapply(tmpSgrobs, function(x) xSname) == "guide-box")
Tegend <- tmpSgrobs[[Teg]]
return(legend)
¥

legend <- get_legend(K3_SCALED_WARD.D2_DIM1_DIM2)

K3_SCALED_WARD.D2_DIM1_DIMZ2 <- K3_SCALED_WARD.DZ2_DIM1_DIMZ2 +
theme (legend.position = "none™)

HARERHEEBEERRREER Y

# Combine 2 scatterplots, WARD.D2, K=3
# Input Scaled Crime 2018 Features

#install.packages('"grideExtra"”, dependencies = TRUE)
# Tibrary("gridextra")

grid.arrange (K3_SCALED_WARD.D2_DIM1_DIMZ,
K3_SCALED_WARD.D2_DIM1_DIM3,
Tegend,
ncol=2,
nrow= 2,
Tayout_matrix = rbind(c(1,2), c(3,3)),
widths = ¢(2.7, 2.7), heights = c(2.5, 0.2),

286

top = text_grob("ward, k=3, Input Standardized Crime 2018, Plotted on yl, y2, y3"

color = "black"™, face = "bold", size = 14))

HRH R R R I R R R R R R
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# Agglomerative Clustering

# WARD.D2

#K=3

# PCl, PC2, PC3 from Scaled Crime 2018 Features

# Scatterplots on PCl, PC2, PC3 of cluster assignments
A S

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)

#install.packages("gridextra", dependencies = TRUE)
# Tibrary("gridExtra")

AR
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2874 # 3 group WARD.D2 scatterplot with CITY Tlabels, input PCl, PC2, PC3
2875 # Plotted on PCl, PC2

2876

2877 #install.packages("ggplot2", dependencies = TRUE)

2878 #Tlibrary("ggplot2™)

2879
2880 K3_PCl_PC2_PC3_WARD.D2_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN, aes(x=yl, y=y2,
2881 color=K3_PCl_PC2_PC3_WARD.D2)) +

2882 geom_text(label=rownames (CRIME_2018_ASSIGN)) +

2883 # ggtitle("ward, k=3, Input yl, y2, y3") +

2884 Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster"”) +
2885 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
2886 theme(plot.title = element_text(hjust = 0.5)) +

2887 # theme(legend.position = "none™)

2888 theme(legend.position = "bottom")

2889
2890

4
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2892 # 3 group WARD.D2 scatterplot with CITY labels, input PCL, PC2, PC3
2893 # Plotted on PCl, PC3

2894

2895 #install.packages("ggplot2", dependencies = TRUE)

2896 #library("ggplot2™)

2897
2898 K3_PCl_PC2_PC3_WARD.D2_DIM1_DIM3 <- ggplot(CRIME_2018_ASSIGN, aes(x=yl, y=y3,
2899 color=K3_PCl_PC2_PC3_WARD.D2)) +

2900 geom_text(label=rownames(CRIME_2018_ASSIGN)) +

2901 # ggtitle("ward, k=3, Input yl, y2, y3") +

2902 Tabs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster") +
2903 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
2904 theme(plot.title = element_text(hjust = 0.5)) +

2905 # theme(plot.title = element_text(hjust = 0.5)) +

2906 theme(legend.position = "none™)

2907

2908

2000 « HHHHHEEEEEEEBEEEEBY

2910 # change legend position for final plot

2911

2912 #install.packages("gridextra"™, dependencies = TRUE)

2913 # Tibrary("gridextra")

2914

2915 - get_Tlegend<-function(myggplot){

2916 tmp <- ggplot_gtable(ggplot_build(myggplot))

2917 leg <- which(sapply(tmpSgrobs, function(x) xfname) == "guide-box")
2918 legend <- tmpSgrobs[[leg]]

2919 return(legend)

2920 3}

2921

2922 Tegend <- get_legend(K3_PCl_PC2_PC3_WARD.D2_DIM1_DIM3)

2923

2924 K3_PCl_PC2_PC3_WARD.D2_DIM1_DIM3 <- K3_PCl_PC2_PC3_WARD.DZ2_DIM1_DIM3 +
2925 theme(Tegend.position = "none")
2926

2927 - HE#HHHHHEHEE



2929 # Combine 2 scatterplots, WARD.D2, K=3

2930

2931 # Input PCl,PC2, PC3 from Scaled Crime 2018 Features
2932

2933 #install.packages("gridExtra™, dependencies = TRUE)
2934 # Tibrary("gridextra")

2935

2936 grid.arrange(KM3_PCl_PC2_PC3_DIM1_DIM2,

2937 KM3_PCl_PC2_PC3_DIM1_DIM3,

2938 legend,

2939 ncol=2,

2940 nrow=2,

2941 Tayout_matrix = rbind(c(1,2), <(3,3)),

2942 widths = c(2.7, 2.7), heights = c(2.5, 0.2),

2943 top = text_grob("ward, k=3, Input vl, y2, y3, Plotted on yl, y2,
2944 color = "black™, face = "bold", size = 14))
2945

2946 - ##FHHHE R A R S I I R
2947 - ##FHHEHEE I R S I I R

DOA8 + HHHHHHSE IS J S S AL A S A A

2950 # Agglomerative Clustering

2951

2952 # WARD.D2

2953

2954 # k=3

2955

2956 # standardized Crime 2018 Features

2957

2958 # Scattermatrix on original dimensions

2959

2960 - HHHHHHHHH R

2961

2962 #install.packages("ggplot2", dependencies = TRUE)
2963 #library("ggplot2™)

2964

2965 #install.packages("GGally", dependencies = TRUE)
2966 #library('"GGally™)

2967

2968 - HHHHHHEHHIHH R

2970 # Scaled Crime 2018 Features

2971

2972 # ggpairs

2973

2974 # k =3

2975

2976 # WARD.D2

2977

2978 p <- ggpairs(CRIME_2018_ASSIGN, ¢(2,3,4,5,6,7,8,14),

2979 mapping = ggplot2::aes_string(color = "K3_SCALED_WARD.D2"))
2980

2981~ for(i in 1l:pSnrow) {

2982~ for(j in 1l:pSncol){

2983 pLi,jl <- pli,j] +

2984 scale_fill_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
2985 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788"))
2986 }

2987 1}

2988

2989 p

2990
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2994 # Agglomerative Clustering

2995

2996 # WARD.D2

2997

2998 # k =3

2999

3000 # PCcl, PC2, PC3 derived from Scaled Crime 2018 Features
3001

3002 # Scattermatrix on original dimensions

3003

3004 - #####RSHHHEHEE

3005

3006 #install.packages('ggplot2"”, dependencies = TRUE)
3007 #library("ggplot2™)

3008

3009 #install.packages("GGally", dependencies = TRUE)
3010 #Tibrary("GGally™)

3011

3012 ~ ##HIHHR R

3014 # pPCcl, Pc2, PC3 derived from Scaled Crime 2018 Features
3015

3016 # ggpairs

3017

3018 # k =3

3019

3020 # WARD.D2

3021

3022 p <- ggpairs(CRIME_2018_ASSIGN, c(2,3,4,5,6,7,8,15),
3023 mapping = ggplot2::aes_string(color = "K3_PCl_PC2_PC3_WARD.D2"))
3024

3025~ for(i in l:pSnrow) {

3026~ for(j in 1:p$ncol){

3027 pli,jl <- pli,j] +

3028 scale_fill_manual(values=c("#FE3AQ7", "#0080FF", "#009788")) +
3029 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788"))
3030 ¥

3031 %

3032

3033 p

3034
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3040 # Agglomerative Clustering

3041

3042 # AVERAGE

3043

3044 # scaled Crime 2018 Features
3045

3046 # Estimating the optimal number of clusters
3047

3048 # NbClust Method

3049

3050 - ##EHHHHEHHEHEEHEEHEEEE

3051

3052 # install.packages('factoextra™)
3053 # library("factoextra")

3054

3055 # install.packages("NbClust", dependencies = TRUE)
3056 # library("NbClust™)

3057

3058 # install.packages("magrittr”, dependencies = TRUE)
3059 # 1ibrary("magrittr")

3060

3061 # install.packages("ggpubr", dependencies = TRUE)
3062 # 1ibrary("ggpubr™)

3063
3064

€

R

3066 # scaled Crime 2018 Features

3067

3068 # install.packages("NbClust"”, dependencies = TRUE)
3069 # library("NbcClust™)

3070

3071 NBCLUST_SCALE_CRIME_2018_FEAT_AVERAGE <- NbClust(SCALED_CRIME_2018_FEAT,

3072 distance = "euclidean",

3073 min.nc = 2,

3074 max.nc = 6,

3075 method = "average")

3076

3077 # install.packages("factoextra"”, dependencies = TRUE)

3078 # library("factoextra™)

3079

3080 NBCLUST_SCALE_CRIME_2018_FEAT_AVERAGE_BOX <- fviz_nbclust(NBCLUST_SCALE_CRIME_2018_FEAT_AVERAGE
3081 barfill = "steelblue",
3082 barcolor = "steelblue") +

3083 Jabs(title= "NbClust, Black-Box Method, Average, Input Standardized US Crime 2018") +
3084 xlab("# of clusters k') +

3085 ylab("Freq. Among Indices") +

3086 theme(plot.title = element_textChjust = 0.5))

3087
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3091 # Agglomerative Clustering

3093 # AVERAGE

3095 # Estimating the optimal number of clusters
3097 # pcl, Pc2, PC3 from Scaled Crime 2018 Features
300909 - HE##HHHHEEHEHEHEHEHERE

3101 # 1install.packages('ggplot2"”, dependencies = TRUE)
3102 # Tibrary(“"ggplot2™)

3104 # 1install.packages('factoextra™)
3105 # library("factoextra")

3107 # 1install.packages (' 'NbClust"”, dependencies = TRUE)
3108 # Tibrary("NbClust™)

3100 - #EREH#AS R

3112 # pcl, pc2, PC3 from Scaled Crime 2018 Features

3114 # 1install.packages("NbClust", dependencies = TRUE)
3115 # Tibrary("NbClust™)

3116

3117 NBCLUST_PCl_PC2_PC3_CRIME_2018_AVERAGE <- NbClust(PCl_PC2_PC3_CRIME,

3118 distance = "euclidean”,

3119 min.nc = 2,

3120 max.nc = 6,

3121 method = "average™)

3122

3123 # 1install.packages("factoextra", dependencies = TRUE)

3124 # Tlibrary("factoextra")

3125

3126 NBCLUST_PCl_PC2_PC3_CRIME_2018_AVERAGE_BOX «<- fviz_nbclust(NBCLUST_PCl_PC2_PC3_CRIME_2018_AVERAGE
3127 barfill = "steelblue",
3128 barcolor = "steelblue") +

3129 Tabs(title= "NbClust, Black-Box Method, Average, Input yl, y2, y3") +
3130 xlab("# of clusters k") +

3131 ylab("Freq. Among Indices") +

3132 theme(plot.title = element_text(hjust = 0.5))

3134 - ###HSHHHEEEE R R IR I R I

3136 # grid of plots for OPTIMAL K

3137

3138 # install.packages("magrittr”, dependencies = TRUE)

3139 # Tibrary("magrittr™)

3140 # install.packages("ggpubr', dependencies = TRUE)

3141 # library("ggpubr™)

3142

3143 OPTIMAL_AVERAGE_CRIME_2018 <- ggarrange (NBCLUST_SCALE_CRIME_2018_FEAT_AVERAGE_BOX,
3144 NBCLUST_PC1_PC2_PC3_CRIME_2018_AVERAGE_BOX,
3145 ncol = 1,

3146 nrow = 2)

3147

3LAB ~ HHHHHHHHHEE TSI
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# Agglomerative Clustering

# AVERAGE

# Compute algorithm

# Scaled Crime 2018 Features

# PCLl, PC2, PC3 from Scaled Crime 2018 Features

B e i

# Compute "average" using Scaled Crime 2018 Features

set.seed(153)
SCALED_AVERAGE <- hclust(d = DIST_SCALED_CRIME, method = "average")

# Compute "average" using PCl, PC2, PC3

set.seed(154)
PCL_PC2_PC3_AVERAGE <- hclust(d = DIST_PC1_PC2_PC3_CRIME, method = "average")

FEE R I I R I I R R R
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# Agglomerative Clustering

# AVERAGE

#K=3

# add cluster assignments

# Scaled Crime 2018 Features

# PCLl, PC2, PC3 from Scaled Crime 2018 Features
HRERRGEH SRR

#install.packages("plyr", dependencies = TRUE)
#library("plyr™)

3195 « B
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3197 # Cut tree into 3 clusters "AVERAGE" from Scaled Crime 2018 Features
3198

3199 K3_SCALED_AVERAGE <- as.character(cutree(SCALED_AVERAGE, k = 3))
3200

3201 table(K3_SCALED_AVERAGE)

3202

3203 # Cut tree into 3 clusters "AVERAGE" from PCl, PC2, PC3

3204

3205 K3_PCl_PC2_PC3_AVERAGE <- as.character(cutree(PCl_PC2_PC3_AVERAGE, k = 3))
3206

3207 table(K3_PCl_PC2_PC3_AVERAGE)

3208

3209 #install.packages("plyr", dependencies = TRUE)

3210 #library("plyr™)

3211

3212 K3_SCALED_AVERAGE <- revalue(K3_SCALED_AVERAGE, c("1"="3", "2"="2", "3"="1"))
3213 K3_PCL_PC2_PC3_AVERAGE <- revalue(K3_PCl_PC2_PC3_AVERAGE, c("1"="3", "2"="2", "3"="1")"
3214

3215 # create dataframe to combine all the data and results

3216

3217 CRIME_2018_ASSIGN <- as.data.frame(cbind(

3218 CRIME_2018_ASSIGN,

3219 K3_SCALED_AVERAGE,

3220 K3_PCl_PC2_PC3_AVERAGE)

3221 )

3222

3223 CRIME_2018_ASSIGN

3224

3225 # set rownames CITY_CRIME_2018

3226

3227 row.names(CRIME_2018_ASSIGN) <- CRIME_2018_ASSIGNSCITY

3229 # summary

3230

3231 summary(CRIME_2018_ASSIGN)
3232
3233
3234
3235
3236
3237 # AVERAGE

3238

3239 # k =3

3240

3241 # scaled Crime 2018 Features

3242

3243 # PCl, PC2, PC3 derived from Scaled Crime 2018 Features
3244
3245
3246
3247
3248 - HEHBHHEHRERRRER RS

FE R R R R R R I R I
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Cluster City Names, Cluster Mean Vectors, Cluster sd vectors,

#
# check for differences in cluster assignments



3250
3251
3252
A5
3254
3255
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3257
3258
3259
3260
3261
3262
3263
3264
3265
3266

3268
3269
3270
3271
3272
3273
3274
S25
3276
3277
3278
3279
3280
3281
3282
3283
3284
3285
3286
3287
3288
3289
3290
3291
5292
3293
3294
s
3296
3297

4

# cluster city names

# AVERAGE 3 cluster solution on Scaled Features 2018

# cluster 1
SOort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_AVERAGE == "1",17)

# cluster 2

sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_AVERAGE == "2",17)
# cluster 3
sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_SCALED_AVERAGE == "3",17)

HHHER R SR

# cluster city names

294

# AVERAGE 3 cluster solution on PCl, PC2, PC3 derived from Scaled Crime 2018 Features

# cluster 1

sort(CRIME_2018_ASSIGN [CRIME_2018_ASSIGNSK3_PCl_PC2_PC3_AVERAGE ==

# cluster 2
sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSK3_PCLl_PC2_PC3_AVERAGE
# cluster 3

sort(CRIME_2018_ASSIGN[CRIME_2018_ASSIGN$K3_PCl_PC2_PC3_AVERAGE

IR NN NI NN IRIN IR

# 1l-way table of cluster assignhments

table (K3_SCALED_AVERAGE)

tabTle(K3_PCl_PC2_PC3_AVERAGE)

B o

# 2-way table of cluster assignments (confusion matrix)

table (K3_SCALED_AVERAGE, K3_PCl_PC2_PC3_AVERAGE)

3208 + HULLHHEEASIEEE R

"1",11)
"2",11)
"37,11)
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3306 # cluster means, AVERAGE, k=3, standardized Crime 2018 Features

3308 aggregate(CRIME_2018_ASSIGN[, 2:8], 1ist(CRIME_2018_ASSIGNSK3_SCALED_AVERAGE), mean)
3310 - #######HHHHEHEHERER BB SEHSS

3312 # cluster means, AVERAGE, k=3, PCl, PC2, PC3 derived from Scaled Crime 2018 Features
3314 aggregate(CRIME_2018_ASSIGN[, 2:8], 1ist(CRIME_2018_ASSIGNSK3_PCl_PC2_PC3_AVERAGE), mean)
3316 - ######HH R

3318 #install.packages("psych"”, dependencies = TRUE)
3319 # library("psych™)

3321 # original sample means
3323 describe(CRIME_2018_FEAT)
3325 « HHHHE R I
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3327 v HHHHHER I R

3329 # Agglomerative Clustering

3330

3331 # AVERAGE

3332

3333 #K=3

3334

3335 # Dendrograms

3336

3337 # scaled Crime 2018 Features
3338

3339 - ####HERHERR RS
3340

3341 # install.packages("ggplot2"™, dependencies = TRUE)
3342 # library("ggplot2")

3344 # 1install.packages("factoextra™)
3345 # library("factoextra')

3347 - R

3349 # AVERAGE, Input Scaled Crime 2018, Rectangle Dendrogram, K=3

3350

3351 DEND_RECTANGLE_K3_SCALED_AVERAGE <- fviz_dend(SCALED_AVERAGE, k = 3, # cut in three groups

3352 cex = 0.5, # labhel size

3353 palette = c("#009788", "#FE3A07", "#0080FF"),
3354 color_labels_by_k = TRUE, # color Tlabels by groups
3355 rect = TRUE, # Add rectangle around groups

3356 # main = NULL,

3357 main = "Average, k=3, Input Standardized

3358 Crime 2018, Rectangular Dendrogram”,

3359 rect_border = c("#009788", "#FE3A07", "#0080FF"),
3360 rect_fill = TRUE) +

3361 theme(pTlot.title = element_text(hjust = 0.5))
3362

3363 ~ HESSHEREEE R R S A B B A R R R B A S R
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# Agglomerative Clustering

# AVERAGE

#K=3

# Dendrograms

# PCL, PC2, PC3 from Scaled Crime 2018 Features
fdas s saaasaaaadad

# install.packages("ggplot2", dependencies = TRUE)
# library("ggplot2")

# install.packages("factoextra™)
# library("factoextra")

AR

# AVERAGE, Input PCl, PC2, PC3, Rectangle Dendrogram, K=3

DEND_RECTANGLE_K3_PCl_PC2_PC3_AVERAGE <- fviz_dend(PCl1_PC2_PC3_AVERAGE, k = 3, # Cut in three groups

cex = 0.5, # label size

palette = c("#009788", "#FE3A07", "#0080FF"),
color_Tlabels_by_k = TRUE, # color Tlabels by groups
rect = TRUE, # Add rectangle around groups

main "Average, k=3, Input yl, y2, vy3,
Rectangular Dendrogram”,

rect_border = c("#009788", "#FE3AQ7", "#0080FF"),
rect_fill = TRUE) +
theme(plot.title = element_text(hjust = 0.5))

HR AR R R I R R R I R R I
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# AVERAGE
# K =3
# Scaled Crime 2018 Features

# Scatterplots on PCl, PC2, PC3 of cluster assignments and ggpairs matrix

BB b AL L L E A AL 4T T Ut b

#install.packages("ggplot2"”, dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("eGally™)

#install.packages("gridExtra"”, dependencies = TRUE)
# Tibrary("gridextra™)

AR

# 3 group AVERAGE scatterplot with CITY labels 1input scaled crime 2018 data.
# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

o ML A
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# 3 group AVERAGE scatterplot with CITY labels 1input scaled crime 2018 data.
# Plotted on PCl, PC2

#install.packages(''ggplot2", dependencies = TRUE)
#1ibrary("ggplot2™)

K3_SCALED_AVERAGE_DIM1_DIM2 <- ggpTot(CRIME_2018_ASSIGN,

aes(x=yl, y=y2, color=K3_SCALED_AVERAGE)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +

# ggtitle("Average, k=3, Input Scaled Crime 2018") +

Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c( "#FE3A07", "#0080FF", "#009788")) +
# theme(plot.title = element_text(hjust = 0.5)) +

# theme(legend.position = "none™)
theme (legend.position = "bottom™)
U

# 3 group AVERAGE scatterplot with CITY labels input scaled crime 2018 data.

# Plotted on PCl, PC3

#install.packages(''ggplot2"”, dependencies = TRUE)
#library("ggplot2™)

K3_SCALED_AVERAGE_DIM1_DIM3 <- ggplot(CRIME_2018_ASSIGN,

aes(x=yl, y=y3, color=K3_SCALED_AVERAGE)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +

# ggtitle("Average, k=3, Input Scaled Crime 2018") +

labs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster”) +
scale_color_manual(values=c("#FE3AQ07", "#O0080FF", "#009788")) +
# theme(plot.title = element_textChjust = 0.5)) +

theme (legend.position = "none™)

FHRR

# change legend position for final plot

#install.packages("gridExtra", dependencies = TRUE)
# Tibrary("gridextra™)

get_legend<-function(myggplot){
tmp <- ggplot_gtable(ggplot_build(myggplot))
leg <- which(sapply(tmpSgrobs, function(x) x%name) == "guide-box')
legend <- tmpSgrobs[[legl]
return(legend)
}

legend <- get_legend(K3_SCALED_AVERAGE_DIM1_DIM2)

K3_SCALED_AVERAGE_DIM1_DIM2 <- K3_SCALED_AVERAGE_DIM1_DIM2 +
theme(legend.position = "none")
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# Combine 2 scatterplots, AVERAGE, K=3
# Input Scaled Crime 2018 Features

#install.packages("grideExtra"”, dependencies = TRUE)
# 1ibrary("gridextra")
grid.arrange (K3_SCALED_AVERAGE_DIM1_DIMZ,
K3_SCALED_AVERAGE_DIM1_DIM3,
legend,
ncol=2,
nrow= 2,
layout_matrix = rbind(c(1,2), c(3,3)),
widths = c(2.7, 2.7), heights = c(2.5, 0.2),
top = text_grob("Average, k=3, Input Standardized Crime 2018,
Plotted on yl, y2, y3",
color = "black", face = "bold", size = 14))
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# Agglomerative Clustering

# AVERAGE

#K =3

# PCl, Pc2, PC3 from Scaled Crime 2018 Features

# Scatterplots on PCl, PC2, PC3 of cluster assignments
HRH R R

#install.packages(''ggplot2"”, dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)

#install.packages("gridExtra™, dependencies = TRUE)
# Tlibrary("gridextra')

HHHHE I

# 3 group AVERAGE scatterplot with CITY labels, input PCl, PC2, PC3
# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

K3_PCl_PC2_PC3_AVERAGE_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
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aes(x=yl, y=y2, color=K3_PCl_PC2_PC3_AVERAGE)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +

# ggtitle(Average, k=3, Input yl, y2, y3") +

labs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
theme(plot.title = element_text(hjust = 0.5)) +

# theme(legend.position = "none™)

theme(legend.position = "bottom™)
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3551 # 3 group AVERAGE scatterplot with CITY labels, input PCl, PC2, PC3
3552 # Plotted on PCl, PC3

3553

3554 #install.packages("ggplot2", dependencies = TRUE)

3555 #1ibrary("ggplot2™)

3556
3557 K3_PCl_PC2_PC3_AVERAGE_DIM1_DIM3 <- ggplot(CRIME_2018_ASSIGN,
3558 aes(x=yl, y=y3, color=K3_PCl_PC2_PC3_AVERAGE))

3559 geom_text(label=rownames (CRIME_2018_ASSIGN)) +

3560 # gotitle("Average, k=3, Input yl, y2, y3") +

3561 labs(x = "yl (63.05%)", y = "y3 (9.383%)", col = "cluster") +
3562 scale_color_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
3563 theme(plot.title = element_text(hjust = 0.5)) +

3564 theme (1egend.position = "none")

3565
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3568 # change legend position for final plot

3569

3570 #install.packages("gridextra", dependencies = TRUE)

3571 # Tibrary('gridextra"™)

3572

3573 - get_Tlegend<-function(myggplot){

3574 tmp <- ggplot_gtable(ggplot_build(myggplot))

3575 leg <- which(sapply(tmpSgrobs, function(x) x$name) == "guide-box")
3576 Tlegend <- tmpSgrobs[[leg]l]

3577 return(legend)

3578 }

3579

3580 legend <- get_legend(K3_PCl_PC2_PC3_AVERAGE_DIM1_DIM2)

3581

3582 K3_PCl_PC2_PC3_AVERAGE_DIML_DIMZ <- K3_PCl_PCZ2_PC3_AVERAGE_DIM1_DIMZ +
3583 theme(legend.position = "none™)
3584
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3587 # Combine 2 scatterplots, AVERAGE, K=3

3588

3589 # Input PCl,PC2, PC3 from Scaled Crime 2018 Features
3590

3591 #install.packages("gridExtra”, dependencies = TRUE)
3592 # Tlibrary("grideExtra™)

3593

3594 grid.arrange(K3_PCl1_PC2_PC3_AVERAGE_DIM1_DIMZ,

3595 K3_PC1l_PC2_PC3_AVERAGE_DIM1_DIM3,

3596 legend,

3597 ncol=2,

3598 nrow=2,

3599 layout_matrix = rbind(c(1,2), c(3,3)),

3600 widths = c(2.7, 2.7), heights = c(2.5, 0.2),

3601 top = text_grob("Average, k=3, Input yl, y2, y3,

3602 Plotted on y1, y2, y3",

3603 color = "black"™, face = "bold", size = 14))
3604

3605 v AHEHHH R R R R R

3606 ~ #it# i T I R A R

3607 « LHHAHEANE IR A A S B B S B J0 00 AE ) S AU B84 0 B




3609
3610
3611
3612
3613
3614
3615
3616
3617
3618
3619
3620
3621
3622
3623
3624
3625
3626
3627

3629
3630
3631
3632
3633
3634
3635
3636
3637
3638
3639
3640
3641
3642
3643
3644
3645
3646
3647
3648
3649
3650

€

4

1

3651~

3653
3654
3655
3656
3657
3658
3659
3660
3661
3662
3663
3664
3665
3666
3667
3668
3669
3670

4

300

# Agglomerative Clustering

# AVERAGE

# k=3

# Standardized Crime 2018 Features

# Scattermatrix on original dimensions

TR TR TR R RN TN TR TR T
I F i i

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2"™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally"™)

HER R R

# scaled Crime 2018 Features
# ggpairs

# k=3

# AVERAGE

p <- ggpairs(CRIME_2018_ASSIGN, c(2,3,4,5,6,7,8,16),
mapping = ggplot2::aes_string(color = "K3_SCALED_AVERAGE™))

for(i in Ll:pénrow) {
for(j in 1l:p3ncol){
pli,jl <- p[i,3]1 +
scale_Till_manual(values=c("#FE3AQ7", "#0080FF", "#009788")) +
scale_color_manual(values=c("#FE3A07", "#008QFF", "#009788"))
}
}

p
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# Agglomerative Clustering

# AVERAGE

#k =3

# PCl,PC2, PC3 from Scaled Crime 2018 Features
# Scattermatrix on original dimensions

HHBHH R

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

#install.packages("GGally", dependencies = TRUE)
#library("GGally™)
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3673 # PCl,PC2, PC3 from Scaled Crime 2018 Features

3674

3675 # ggpairs

3676

3677 # k =3

3678

3679 # AVERAGE

3680

3681 p <- ggpairs(CRIME_2018_AsSsSIGN, c(2,3,4,5,6,7,8,17),

3682 mapping = ggplot2::aes_string(color = "K3_PCl_PC2_PC3_AVERAGE"))
3683

3684~ for(i in 1l:pSnrow) {

3685- for(j in 1:pSncol){

3686 pli,jl <- pli,j] +

3687 scale_fil1_manual(values=c("#FE3A07", "#0080FF", "#009788")) +
3688 scale_color_manual(values=c("#FE3AQ07", "#0080FF", "#009788"))
3689 3

3690 }

3691

3692 p
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3699 # AVERAGE, WARD.D2

3700

3701 # sScaled Crime 2018 Features

3702

3703 # pcl,pc2, PC3 from Scaled Crime 2018 Features

3704

3705 # Compare Common Dendrograms Branches using Tanglegrams
3706

3707 ~ S

3708

3709 # install.packages("dendextend"”, dependencies = TRUE)
3710 Tibrary("dendextend™)

3711
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3714 # create dendrograms that work with "dendextend™”

3715

3716 # ward.d2

3717

3718 # scaled crime 2018

3719

3720 DEND_SCALE_WARD.D2 <- as.dendrogram(SCALED_WARD.D2)
3721

3722 # pcl, pc2, pc3

3723

3724 DEND_PCL_PC2_PC3_WARD.D2 <- as.dendrogram(PCl_PC2_PC3_WARD.D2)
3725

3726 # average

3727

3728 # scaled crime 2018

3729

3730 DEND_SCALE_AVERAGE <- as.dendrogram(SCALED_AVERAGE)
3731

3732 # pcl, pc2, pc3

3733

3734 DEND_PCLl_PC2_PC3_AVERAGE <- as.dendrogram(PCl_PC2_PC3_AVERAGE)
3735

3736 -
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# tanglegram

TANGLE_WARD_SCALE_PC1_PC2_PC3 <- tanglegram(dendl = DEND_SCALE_WARD.D2,

dend2 = DEND_PCLl_PC2_PC3_WARD.D2,
common_subtrees_color_branches = TRUE,
main_left = "ward, Input S. Crime 2018",
main_right = "ward, Input yl, y2, y3"

D]

TANGLE_AVERAGE_SCALE_PC1_PC2_PC3 <- tanglegram(dendl DEND_SCALE_AVERAGE,

dend2 DEND_PC1_PC2_PC3_AVERAGE,
common_subtrees_color_branches = TRUE,
main_left = "Average, Input S. Crime 2018",
main_right = "Average, Input yl, y2, y3"

D]

TANGLE_WARD_AVERAGE_SCALE <- tanglegram(dendl DEND_SCALE_WARD.D2,

dend2 DEND_SCALE_AVERAGE,
common_subtrees_color_branches = TRUE,
main_left = "ward, Input S. Crime 2018",
main_right = "Average, Input S. Crime 2018"
D]
TANGLE_WARD_AVERAGE_PCL1_PC2_PC3 <- tanglegram(dendl DEND_PC1_PC2_PC3_WARD.D2,

dend2 DEND_PC1_PC2_PC3_AVERAGE,
common_subtrees_color_branches = TRUE,
main_left = "ward, Input yl, y2, y3",
main_right = "Average, Input yl, y2, y3",

D]

HHBEI R B B
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# K-means, WARD.D2, AVERAGE

# K=3

# Scaled Crime 2018 Features

# PCl,pCc2, PC3 from Scaled Crime 2018 Features

# compare scatterplots cluster assignments

HRERRH R

#install.packages("ggplot2", dependencies = TRUE)

#1ibrary("ggplot2™)

#install.packages("GGally", dependencies = TRUE)

#library("GGally™)

# install.packages("gridextra"™, dependencies = TRUE)

# l1ibrary("gridextra™)
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# 3 group k-mean scatterplot with CITY Tabels input standardized crime 2018 data.

# Plotted on PCL, PC2

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2™)

KM3_SCALE_CRIME_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
aes(x=yl, y=y2, color=KM3_SCALED_ASSIGN)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +
ggtitle("k-Means, k=3, Input Standardized Crime 2018") +
Tabs(x = "yl (63.05%)", v = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c("#FE3AQ7", "#0080FF","#009788")) +
theme(plot.title = element_text(hjust = 0.5))

# theme(legend.position = "none™)

# theme(legend.position = "bottom™)
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# 3 group k-mean scatterplot with CITY labels, input PCl, PC2, PC3
# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#1ibrary("ggplot2™)

KM3_PC1_PC2_PC3_DIM1_DIMZ <- ggplot(CRIME_2018_ASSIGN,
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aes(x=yl, y=y2, color=KM3_PCL_PC2_PC3_ASSIGN)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +
ggtitle("k-Means, k=3, Input vl, vy2, y3") +

Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster”™) +
scale_color_manual(values=c("#FE3AQ07", "#0080FF", "#009788")) +
theme(plot.title = element_textChjust = 0.5))

# theme(legend.position = "none™)
# theme(legend.position = "bottom™)
LB
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# 3 group WARD.D2 scatterplot with CITY Tabels input scaled crime 2018 data.
# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

K3_SCALED_WARD.D2_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
aes(x=yl, y=y2, color=K3_SCALED_WARD.D2)) +
geom_text(label=rownames (CRIME_2018_ASSIGN)) +
ggtitle("wards, k=3, Input Standardized Crime 2018") +
Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c( "#FE3AQ7", "#0080FF", "#009788")) +
theme (plot.title = element_text(hjust = 0.5))
# theme(legend.position = "none™)
# theme(Tegend.position = "bottom™)
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# 3 group WARD.D2 scatterplot with CITY labels, input PCl, PC2, PC3
# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

K3_PCl_PC2_PC3_WARD.D2_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
aes(x=yl, y=y2, color=K3_PCl_PC2_PC3_WARD.D2)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +
ggtitle("ward, k=3, Input yl, y2, y3") +
Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c("#FE3AQ7", "#0080FF", "#009788")) +
theme(plot.title = element_text(hjust = 0.5))

# theme(legend.position = "none™)

# theme(legend.position = "bottom")
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# 3 group AVERAGE scatterplot with CITY Tabels input scaled crime 2018 data.

# Plotted on PCl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

K3_SCALED_AVERAGE_DIM1_DIM2 <- ggpTot(CRIME_2018_ASSIGN,
aes(x=yl, y=y2, color=K3_SCALED_AVERAGE)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) =+
ggtitle("Average, k=3, Input Scaled Crime 2018") +
Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c( "#FE3A07", "#0080FF", "#009788")) +
theme(plot.title = element_text(hjust = 0.5))

# theme(legend.position = "none™)

# theme(legend.position = "bottom™)
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# 3 group AVERAGE scatterplot with CITY Tabels, input PCl, PC2, PC3
# Plotted on PCLl, PC2

#install.packages("ggplot2", dependencies = TRUE)
#library("ggplot2™)

K3_PCl_PC2_PC3_AVERAGE_DIM1_DIM2 <- ggplot(CRIME_2018_ASSIGN,
aes(x=yl, y=y2, color=K3_PCLl_PC2_PC3_AVERAGE)) +

geom_text(label=rownames (CRIME_2018_ASSIGN)) +
ggtitle("Average, k=3, Input vyl, y2, y3") +
Tabs(x = "yl (63.05%)", y = "y2 (10.99%)", col = "cluster") +
scale_color_manual(values=c("#FE3A07", "#008O0FF", "#009788")) +
theme(plot.title = element_textChjust = 0.5))

# theme(legend.position "none™)

# theme(legend.position "bottom™)
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# combined plots
# Scaled Crime 2018 Features
# PCl,PC2, PC3 from Scaled Crime 2018 Features

grid.arrange(

KM3_SCALE_CRIME_DIM1_DIM2,

KM3_PC1_PC2_PC3_DIM1_DIM2,

K3_SCALED_WARD.D2_DIM1_DIMZ,

K3_PCl_PC2_PC3_WARD.D2_DIM1_DIMZ,

K3_SCALED_AVERAGE_DIM1_DIM2,

K3_PCl_PC2_PC3_AVERAGE_DIM1_DIMZ,

nrow = 3) #,
# top = text_grob("K=3, K-Means Row 1, WARD Row 2, AVERAGE Row 3",
# color = "black™, face = "bold", size = 14))
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# K=3, KMEANs, Cluster assignments

summary (CRIME_2018_ASSIGN[,c(12,13)7])

# K=3, WARD, Cluster assignments

summary (CRIME_2018_ASSIGN[,c(14,15)])

# K=3, AVERAGE, Cluster assignments

summary (CRIME_2018_ASSIGN[,c(16,17)])
A R
CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSKM3_SCALED_ASSIGN == "1",]

F R R R R R I I R I R I
R I R R I
F R R R R R I I R I R I
F R R R R R I I R I R I

# conclusion and future study

High_Crime <- c("Albuquerque",
"Anchorage",
"Baltimore",
"Chicago",
"Detroit",
"Houston",
"Lake_Charles",
"Little_Rock",
"Memphis",
"Myrtle_Beach",
"Nashville",
"New_Orleans",
"St_Louis")

High_Crime

# original crime variables
CRIME_2018_ASSIGN[CRIME_2018_ASSIGNSCITY == High_Crime,2:8]
# yl, y2, y3

CRIME_2018_ASSIGN[High_Crime,9:11]
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